Abstract Algebraic Logic — 3rd lesson

Petr Cintula! and Carles Noguera?

!Institute of Computer Science,
Academy of Sciences of the Czech Republic
Prague, Czech Republic

2|nstitute of Information Theory and Automation,
Academy of Sciences of the Czech Republic
Prague, Czech Republic

www.cs.cas.cz/cintula/AAL

Petr Cintula and Carles Noguera Abstract Algebraic Logic — 3rd lesson



Completeness theorem for classical logic

@ Suppose that T € Th(CPC) and ¢ ¢ T (T tcpc ¢). We want
to show that T |~ ¢ in some meaningful semantics.

O T = (Fmp.T) P- 1st completeness theorem

@ (a,f) € QT)iff « <» 5 € T (congruence relation on Fm
compatible with 7 if « € T and («, 5) € Q(T), then 5 € T).
@ Lindenbaum-Tarski algebra: Fm /Q(T) is a Boolean
algebra and T %(FmL/Q(T),T/Q(T)) ©.
2nd completeness theorem

@ Lindenbaum Lemma: If ¢ ¢ T, then there is a maximal
consistent 77 € Th(CPC) such that 7T C 7" and ¢ ¢ T".

@ Fm,/QT') = 2 (subdirectly irreducible Boolean algebra)
and T [=p (1y) - 3rd completeness theorem
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Recall from Lesson 1:

A congruence @ is logical in the matrix A = (A, F) if for each
x,y€A:xe Fand (x,y) € 0implyy e F

Let A = (A, F) be an L-matrix for a weakly implicative logic L.
Then:

@ the Leibniz congruence Q4 (F) of A is defined as
(a,b) € Qu(F) iff {a =2 b,b—"a} CF.

Q@ Q4 (F) is the largest logical congruence of A.
Q (a,b) € Q4(F) if, and only if, for each formula x and each
A-evaluation e:

el[p—al(x) € F iff e[p—b](x) € F.
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Leibniz congruence in general

Definition 3.1

Let L be an arbitrary logic and A = (A, F) € MOD(L). We
define the Leibniz congruence Q4 (F) on A as: (a,b) € Q4 (F) iff
for each formula y and each A-evaluation e it is the case that

elp—al(x) € F iff e[p—b|(x) € F

Qa(F) is the largest logical congruence of A.

Qa(F) is obviously a congruence. Logicity: (a,b) € 6 consider
x =pthenwe getac Fiffb € F.
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Leibniz congruence in general

Definition 3.1

Let L be an arbitrary logic and A = (A, F) € MOD(L). We
define the Leibniz congruence Q4 (F) on A as: (a,b) € Q4 (F) iff
for each formula y and each A-evaluation e it is the case that

elp—al(x) € F iff e[p—b|(x) € F

Qa(F) is the largest logical congruence of A.

Take a logical congruence 0 st. (a,b) € 6, a formula x, and an
A-evaluation e. Clearly (e[p—al(x), e[p—b](x)) € 0; logicity of 6
X)

yields e[p—a](x) € F iff e[p—b](y) € F, i.e. {a,b) € Qu(F). O
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Algebraic counterpart

Definition 3.3

An L-matrix A = (A, F) is reduced, A € MOD*(L) in symbols, if
Q4 (F) is the identity relation Id,.

An algebra A is an L-algebra, A € ALG*(L) in symbols, if there
isasetF CAst (A, F) € MOD*(L).

Recall that Q4 (A) = A? and Fip,.(A) = {A} thus:
A € ALG"(Inc) iff  Ais asingleton
Note that Q4 () = A% and Fiamc(A) = {0, A} thus also:
A € ALG"(Alnc) iff  Ais asingleton

i.e., ALG*(AlInc) = ALG"(Inc).
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Properties of the Leibniz operator

Proposition 3.4

Given a homomorphismh: A — B and a set G C B, we have:
h1[Qp(G)] € Qu(h'[G)).
If h is surjective, then h='[Qg(G)] = Qa (h~'[G]).

Proposition 3.5

Leth: (A,F) — (B,G) be a strict and surjective matrix
homomorphism. Then:

o F=h[G]

@ G = h[F]

@ F = h'[h[F]

® Qa(F) =h~'[Qp(G)]

© Qp(G) = h[Qa(F)]
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Properties of the Leibniz operator

Given a homomorphismh: A — B and a setF C A, we have:
F = h™'[h[F)] iff Ker(h) C Q4(F).

Proposition 3.7

@ Given a homomorphismh: A — B and a setF C A, we
have:
h is strict between (A, F) and (B, h[F]) iff Ker(h) C Q4 (F).
@ Given0 € Co(A), the projection w: (A, F) — (A/0,F/0) is
strict iff 6 C Q4 (F).
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Properties of the Leibniz operator

Corollary 3.8
If0 C Qa(F), then Qy 9(F/0) = Qa(F) /0.

Corollary 3.9

Given an L-matrix A = (A, F), we define its reduction as

{
A* = (A/Q(F), F/Q4(F))
Then: A* € MOD*(L).
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More things that work in general . . .

Theorem 3.10

Given a logicL and A = (A, F) € MOD*(L), we have:

Q@ A € MOD*(L)gps1 iff F is (finitely) N-irreducible in Fip(A).
Q Qu[FiL(A)] = Conprg-)(A).
Furthermore, for finitary logics: MOD* (L) = Psp(MOD*(L)gsi).

Theorem 3.11

LetL be a logic and T" U {¢} a set of formulae. TFAE:
QrltLy
QT ’:MOD*(L) P-

Furthermore if L is finitary we can add:
QT FMoD* (L)po P

RSI
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Not everything is as nice: monotonicity of 24

Proposition 3.12

LetL # Alnc be a logic without theorems, then Qg . is not
monotone.

Proof.

Clearly: §) € Fip(Fmz) and Qg () = Fmz?. As L # Alnc then
WYt/ o for some ¢ and v, i.e., there is a theory T st. ¢ € T and
@ ¢ T. Then clearly Fm,? is not a logical congruence on
(Fm,T) and sO Qpm, (T) # Fmc?. O

| A\

o

In lesson 4 we will see less trivial examples . ..

Recall that in weakly implicative logics, the monotonicity of
Leibniz operator was a trivial consequence of its definability via
a pair of formulae.
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From implications to generalized equivalences

Let A = (A, F) be an L-matrix for a weakly implicative logic L.
We define the Leibniz congruence Q4 (F):

(a,b) € W (F) iff {a—=2b,b—2a} CF
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From implications to generalized equivalences

Let A = (A, F) be an arbitrary matrix.
We define a relation Q% (F):

(a,b) € QL(F) iff EA(a,b) CF

for some set E of formulae in two variables
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From implications to generalized equivalences

Let A = (A, F) be an arbitrary matrix.
We define a relation Q% (F):

(a,b) € Q(F) iff {A(a,b,%) | 1(p,q,V) e Eand¥c A"} C F
for some set E of formulae
Conventions: we write < instead of E and we set:

asb={a,bX) |1(p,q,7) € = and ¥ c A"}
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When is Q< the Leibniz congruence?

Theorem 3.13

LetL be a logic and < a set of formulae. TFAE:
Q@ QF (F) is the Leibniz congruence of each (A, F) € MOD(L)
@ QF (F) is the identity for all (A, F) € MOD*(L)
Q Qf,.(T) is the Leibniz congruence for each theory T
O L satisfies:

R) FLeep

(T) eev,vexkLeex

(MP) ¢, p < L9

(Cng) 90<:>¢'_L c(Xl?aXlaQDa7Xn)<:>C(X1>7Xl7wa>Xn
for each (c,n) € L and each(0 < i < n.
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Protoalgebraic logics

Theorem 3.14

A logic L is protoalgebraic if it satisfies any of the following
equivalent conditions:

@ Thereis a set = (p,q, 7) of formulae st.
R) FLeoeop
(MP) ¢, p <=Ly

(Cng) @@wl_LC(X],...,X,',QO,...)<:>C(X],...,Xi,¢,..-)
for each (c,n) € L and each0 < i < n.

© There exists a set < (p, q, 7) of formulae st. 07 (F) is the
Leibniz congruence of each (A, F) € MOD(L).

© Forevery L-algebra A, Q4 is monotone on Fip (A).
Q Qpm, is monotone on Th(L).

Petr Cintula and Carles Noguera Abstract Algebraic Logic — 3rd lesson



Where is < coming from?

Consider o(q) = p and o(r) = r for r # g. Define:
EL = {¢(p.q.V) | FLo(p.p.¥)} = {¢| FLow} = o~ '[Thm]

It can be shown that £} satisfies (Cng) and (R) for any logic.

Note that Ey is a theory; we show that (p,q) € Qpm,.(EL): for
any formula y and substitution p we have:

plp—pl(x) € ELiff FL o(plp—pl(x)) iff FL o(plp—4q](x)) iff plp—4ql(x) € EL

Due to the monotonicity we get: (p,q) € Qpm, (ThL(EL U {p}))
and so by logicity of :

P, ELFL g

Note that for any generalized equivalence < we have: < C Ey.
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Equivalential logics

Theorem 3.15

A logic L is equivalential if it satisfies any of the following
equivalent conditions:

@ Thereis a set = (p, q) of formulae such that

R) FLee o
(MP) ¢, & b ¢
(Cng) p = VEL Xty -y Xiy®@ye o) S C(Xls-ens XisPy .- )
for each (c,n) € L and each0 < i < n.
@ There exists a set < (p, q) of formulae st. Q5 (F) is the
Leibniz congruence of each (A, F) € MOD(L).

© Q. is monotone and commutes with preimages of
substitutions on Th(L), i.€. Qpm, (e T]) = o7 [Qpm, (T)]-

© Forevery L-algebra A, Q4 is monotone and commutes with
preimages of homomorphisms.
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Continuous Leibniz operators

Definition 3.16

The Leibniz operator on A is continuous if:

QA<UF): L uF

FeF FeF

for every directed family 7 C Fi (A) for which |J F € FiL(A).
FEF
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Finitely equivalential logics

Theorem 3.17

A logic L is finitely equivalential if it satisfies any of the following
equivalent conditions:

@ There is a finite set < (p, q) of formulae st.
R) FLyep
(MP) ¢,p < ¢ Ly

(Cng) wéwFLC(Xla'”aXh@a"')<:>C(X17'-'7Xi711[}7"')
for each (c,n) € L and each0 < i < n.

@ There exists a finite set < (p,q) of formulae st. X (F) is
the Leibniz congruence of each (A, F) € MOD(L).

© Qpm, is continuous on Th(L).
©Q Forevery L-algebra A, Q4 is continuous on Fiy (A).
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What do we have so far?

finitely
equivalential

equivalential

protoalgebraic
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Hierarchy of weakly implicative logics

Rasiowa-implicative

/

regularly
implicative

algebraically
implicative

weakly
implicative
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A part of (extended) Leibniz hierarchy

Rasiowa-implicative

/

regularly
implicative

algebraically
implicative

weakly
implicative

finitely
equivalential

equivalential

protoalgebraic
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Injectivity of Q4

Recall that for the algebra M € ALG*(BCI) defined via:

M T e f L
T |T L1 1 1
t T t f L
f T 1L t 1
LT T T T

we have

Qu({t, T}) = Qu({t.f, T}) = Idy i.e., (Y is not injective
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Relation to filter definability in reduced matrices

Recall

A weakly implicative logic L is algebraically implicative if it
satisfies any of the following equivalent conditions:

@ There is a set of equations T in one variable such that for
eachA = (A,F) e MOD*(L) and eacha € A holds: a € F
if, and only if, yA (a) = v*(a) forevery p ~ v € T.

@ There is a set of equations T in one variable such that
(Alg) p AL {ulp) < vip) n~veT}.
© Qpm, is injective on Th(L).

© Forevery L-algebra A, Q4 is injective on Fip(A).

In the first two items the sets T can be taken the same.
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Relation to filter definability in reduced matrices

Theorem 3.18

A protoalgebraic logic L is weakly algebraizable if it satisfies
any of the following equivalent conditions:

@ There is a set of equations T in one variable such that for
eachA = (A,F) e MOD*(L) and eacha € A holds: a € F
if, and only if, yA (a) = v*(a) forevery p ~ v € T.

@ There is a set of equations T in one variable such that
(Alg) p AL {ulp) < vip) | p~veT}
© Qpm, is injective on Th(L).

© Forevery L-algebra A, Q4 is injective on Fip(A).

In the first two items the sets T can be taken the same.
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A part of (extended) Leibniz hierarchy

Rasiowa-implicative

/

regularly
implicative
algebraically
implicative
weakly finitely
implicative algebraizable
finitely algebraizable
equivalential
equivalential weakly algebraizable

protoalgebraic
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The last few classes . ..

Recall

A weakly implicative logic L is regularly implicative if it satisfies
one of the equivalent conditions:

Q@ ForeachA = (A,F) € MOD*(L) thereisa € A st. F = {a}.
Q L satisfies:
(Reg) p,qgkLp < q.
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The last few classes . ..

Theorem 3.19

A protoalgebraic logic L is regularly weakly algebraizable if it
satisfies one of the equivalent conditions:

Q@ ForeachA = (A,F) € MOD*(L) thereisa € A st. F = {a}.
Q L satisfies:
(Reg) p,gkLp<q.
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(Extended) Leibniz hier

y

Rasiowa-implicative

/

regularly
implicative
algebraically regularly finitely
implicative algebraizable
weakly finitely regularly
implicative algebraizable algebraizable
finitely algebraizable regularly weakly
equivalei‘ / \ / algebraizable
equivalential weakly algebraizable

N

protoalgebraic
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Rasiowa-implicative

/

regularly _ finitely
implicative Rasiowa-implicational
algebraically regularly finitely Rasiowa-implicational
implicative algebraizable / \
weakly finitely regularly Rasiowa-p-implicational
implicative algebraizable algebraizable
finitely _ finitely algebraizable regularly weakly _ regularly
weakly implicational equivale< / \ / algebraizable ~ p-implicational
weakly implicational = equivalential weaKly algebraizable = 2/gebraically

\ / p-implicational

weakly p-implicational = protoalgebraic
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(Extended) Leibniz hier

y

Rasiowa-implicative

/

regularly
implicative
algebraically regularly finitely
implicative algebraizable
weakly finitely regularly
implicative algebraizable algebraizable
finitely algebraizable regularly weakly
equivalei‘ / \ / algebraizable
equivalential weakly algebraizable

N

protoalgebraic
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Separation of classes in the Leibniz hierarchy

0. The logic with one binary connective —, axiomatized by
axiom ¢ — ¢ and modus ponens is protoalgebraic but neither
weakly algebraizable nor equivalential.

A. BCI is weakly implicative but not weakly algebraizable.
B. Linear logic is algebraically implicative but not regularly
weakly algebraizable.

(analogously for any substructural logic without weakening)

C. Equivalence fragment of classical logic regularly implicative
but not Rasiowa-implicative.
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Separation of classes in the Leibniz hierarchy

D. The logic = p (1y) is regularly finitely algebraizable but not
weakly |mpI|cat|ve.

D D

s

-—:Cl

0 a 1 0 a 1
0 1 1 1 1 1 1
a 0 1 1 0 1 1
1 1 0 1 0 1 1

E. The logic = .} is regularly algebraizable but not finitely

equivalential.

—=E 1o 1 2 i—1 i il - w —f 1o 1 2 i—1 i il - w
0 i
0 W oW w w w o w W 0 w oW w w W w s w
1 W oW w w w o ow s w 1 w oW w w W w s w
2 w 0 w w w o ow Cw 2 w 0 w w W w s w
i—1 w 0 w w o ow s w i—1 w 0 w W w w
i w 0 0 0 w o ow s w i 0 0 0 0 W w w
i+1 w 0 0 0 0 w e w i+1 w 0 0 0 0 w w

0 w w -+ w woow s w W oW ow o w 0 W w

F. The logic of ortholattices is weakly regularly algebralzable
but not equivalential.
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Separation of classes in the Leibniz hierarchy

D. The logic = p (1y) is regularly finitely algebraizable but not
weakly |mpI|cat|ve

D D

s

-—:Cl

0 a 1 0 a 1
0 1 1 1 1 1 1
a 0 1 1 0 1 1
1 1 0 1 0 1 1

E" Dellunde’s logic is finitary regularly algebraizable but not
finitely equivalential. It has the language {0, ++} and is axioma-
tized by ¢ <+ ¢, Modus Ponens for «+», and all the rules:

o, 0% « 0"
e, YD e e @) o 0P <)
foreachn >0

F. The logic of ortholattices is weakly regularly algebraizable
but not equivalential.
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Leibniz operator characterization of Leibniz hierarchy

Characterization using properties of Q. (or equivalently via
Q4 foreach A)

Alogicis ... iff  Qpm, is...
protoalgebraic monotone
equivalential monotone and commutes with

preimages of substitutions

finitely equivalential continuous
weakly algebraizable an isomorphism
algebraizable an isomorphism and commutes with

preimages of substitutions

finitely algebraizable a continuous isomorphism
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Syntactic characterization of Leibniz hierarchy

Recall:
R) FLeeop

(Cng) ¢ & ¥ Fre(x1s- - -
(Alg) p AL {ulp) © vip) |l p=veT}.

o, 0 YL Y

(Reg) p.gFLp &g

"7Xi7¢7"')

Alogicis ... there is & whichis ... and satisfies ...
protoalgebraic parameterized set (R),(MP),(Cng)
equivalential (R),(MP),(Cng)
finitely equivalential (R),(MP),(Cng)
weakly algebraizable parameterized set (R),(MP),(Cng), (Alg)
regularly weakly parameterized set (R),(MP),(Cng), (Reg)

algebraizable
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Model-theoretic characterization of Leibniz hierarchy

Alogicis ... iff MOD*(L) is closed under ...
protoalgebraic Psp
equivalential SandP
weakly algebraizable Psp and the filters in MOD*(L)

are equationally definable
regularly weakly Psp and the filters in MOD*(L)
algebraizable are singletons
algebraizable S and P and the filters in MOD*(L)

are equationally definable

regularly algebraizable S and P and the filters in MOD*(L)
are singletons
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Reduced products of matrices

Recall: a filter 7 on an index set I is a lattice filter on its
powerset (i.e., a non-empty subset of P (1), closed under
intersections and supersets.)

Reduced product: take matrices {(A4;, F;) | i € I} and a filter 7
over I . We define a congruence 0r on [[;.,A; as:

(a,b) € 0 iff {iel|a(i)=>b(i)}eF.
The reduced product modulo F is (([[;c;A:)/07, (I1;c; Fi)/0F)-

We say that reduced product is
@ o-filtered if F is closed under arbitrary intersections
@ ultraproduct if F is an ultrafilter (X € Fiff I\ X ¢ F).

We use operators Pg, P,, and Py.
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Finitarity and ultraproducts

Recall Lemma 1.4: If K is a finite class of finite matrices, then
the logic =k is finitary.

Theorem 3.20
If Py(K) C K, then [=x is finitary.

Theorem 3.21

LetL be an arbitrary logic. Then:
Py(MOD(L)) = MOD(L) iff L is finitary.

Theorem 3.23

LetL be an arbitrary logic. TFAE:
@ MOD*(L) is closed under S, P, Py (i.e. it is quasivariety)
@ L is finitary and finitely equivalential

N
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Finitarity and ultraproducts

Recall Lemma 1.4: If K is a finite class of finite matrices, then
the logic =k is finitary.

Theorem 3.20
If Py(K) C K, then [=x is finitary.

Theorem 3.22

LetL be a finitely equivalential logic. Then:
Py(MOD*(L)) = MOD*(L) iff L is finitary.

Theorem 3.23

LetL be an arbitrary logic. TFAE:
@ MOD*(L) is closed under S, P, Py (i.e. it is quasivariety)
@ L is finitary and finitely equivalential

N
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Equational consequence

An equation in the language L is a formal expression of the
form ¢ ~ 1, where ¢, ¢ € Fm.

We say that an equation ¢ ~ 1 is a consequence of a set of
equations IT w.r.t. a class K of £-algebras if for each A € K and
each A-evaluation e we have e(p) = e(y)) whenever e(«) = e(3)
for each a ~ g € II; we denote it by 1T =k ¢ ~ 1.
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Characterizations of logics

Recall the translations:
plll = J (a+B)
ax eIl
T[] ={a(p) = B(p) |[peT anda~ € T}

Recall

Given any weakly implicative logic L, TFAE:

@ L is algebraically implicative with the truth definition T .

@ There is a set of equations T in one variable such that:
Q I Farc ) ¢ = ¥ iff p[Il] o p(p =~ )
@ p L pl7(p)]

© There is a set of equations T in one variable such that:
Q I'FL @ iff T[] FaLc-w) T(v)
Q@ p~q=Fac-q) Tlolp = 9)]

v
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Characterizations of logics

Redefine the translations:
pll = J (a=B)
ax eIl
T[] ={a(p) = B(p) |pcTanda~ g € T}

Theorem 3.24

Given any protoalgebraic logic L, TFAE:

@ L is weakly algebraizable with the truth definition T .

@ There is a set of equations T in one variable such that:
Q I Farc ) ¢ = ¥ iff p[Il] o p(p =~ )
@ p L pl7(p)]

© There is a set of equations T in one variable such that:
Q I'FL @ iff T[] FaLc-w) T(v)
Q@ p~q=Fac-q) Tlolp = 9)]

v
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Characterizations of logics

Redefine the translations:
pll = J (a=B)
ax eIl
T[] ={a(p) = B(p) |pcTanda~ g € T}

Theorem 3.25

Given any (finitely) equivalential logic L, TFAE:
@ L is (finitely) algebraizable with the truth definition T .
@ There is a set of equations T in one variable such that:
Q Il F=arc-w) ¢ = ¢ iff p[ll] FL p(p = )
@ p kv p[r(p)]
© There is a set of equations T in one variable such that:

Q I'FL @ iff T[] FaLc-w) T(v)
@ p~q=Fac-) Tlolp = 9))

v
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Traditional account of algebraizability

Theorem 3.26
Given an arbitrary logic L, TFAE:

@ L /s algebraizable with the truth definition T and
equivalence <.

@ There exists a class of algebras K, a set T of equations in
one variable, and a set < of formulae in two variables such
that for the translations T and p defined as before we have:

Q 11 =x o~ ¢ iff p[lT] kL p(p = 1)
Q p L p[r(p)]

© T iff7[0] Fx ()

Q p~qaFEx 7l = q)]

In this case K is called an equivalent algebraic semantics of L.

Note that it suffices to assume conditions 1 and 2 (or 3 and 4).
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Finiteness issues in algebraizability

Theorem 3.27

Let L be an algebraizable logic. Then the following hold:
@ If L is finitary, then T can be chosen finite
@ If =avg+(v) /s finitary, then p can be chosen finite
@ If L is finitary and p is finite, then =g+ (v) is finitary.
@ If E=avg+(v) /s finitary and 7 is finite, then L is finitary.
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More kinds of algebraizable logics

Definition 3.28

An algebraizable logic L is
@ finitely algebraizable if p can be taken finite

@ elementarily algebraizable if ALG*(L) is a quasivariety, i.e.,
FaLg+ ) Is finitary

@ algebraizable in the sense of Blok-Pigozzi if it is finitary
and finitely algebraizable
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More kinds of algebraizable logics

N

Elem Finitary

Fin p

N\,
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More on finiteness issues

Theorem 3.29

Let L be an algebraizable logic. Then the following hold:
@ If L is finitary, then it has a finite truth definition.
@ If L is elementarily algebraizable, then L is finitely
algebraizable.

@ If L is finitary and finitely algebraizable, then L is
elementarily algebraizable.

@ If L is elementarily algebraizable with a finite truth
definition, then L is finitary.
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Extending the hierarchy

BP
Elem Fint, p Finitary
Finp Fint

N\
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Separating example — 1

Raftery’s logic is elementarily finitely algebraizable but not
finitary. It has the language {0, «», 71, 1 }, axioms:

pore pompeoy) vomlpoy) (poy) o Opoy)
and rules
PP
X ooy (xoe) < (00 9)
0 P Foxp < x) x € {my,m, 0}
wk WI(Dicp) & TrZ(Digo) i€w

{m(0'p) & m(T'p) i €w} ¢
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Separating example — 2

Dellunde’s logic is finitary regularly algebraizable but not finitely
algebraizable. It has the language {0, ++} and is axiomatized
by:

Foep
QP
Q) F O+ O™
p P, o O p < @) & 0Ny < YY)

foreachn c w
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Separating example — 3

tukasiewicz logic £, is regularly finitely algebraizable but not
finitary and not elementarily algebraizable. It has the language
{—,—}, axioms:

p=>W—=0) (=)= ((¥—=x)— (—X)

((p=Y) =) = (W —=0) = 9) (o= 9) = (Y= @)
and rules:

o, o> Y

lip—=vlicwu{-p—=9}Fy
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Extending the hierarchy

BP
3
1 2
Elem Fint, p Finitary
Finp Fint

NS

Petr Cintula and Carles Noguera Abstract Algebraic Logic — 3rd lesson



Order algebraizability [Raftery]

Partially ordered algebra: (4, <).

A logic L is order algebraizable if it is equivalent to an
inequational consequence |:H§ for some class of partially
ordered algebras K, i.e. there exist translations

7 :Fm; — Ineq, and p : Ineq, — Fm such that:

o T'Hy piff 7[T] 3 7()
® o< B g Tlp(a < B) and T[p(a < B)] = o < B

{algebraizable logics} C {order algebraizable logics} C
{equivalential logics}
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Order algebraizability [Raftery]

A logic L is order algebraizable iff there is a set of binary
formulae p(x,y) and a set 7 (p) of pairs of formulae in the
variable p such that:

(R) FL p(p, )

I I
(Subst)  p(p, ). p(, ), (0, @) Frv(3, @)
(Alg)" p _”_L UW VYET (p) P(\P v)

p(x,y) defines a partial order in every (A, F) € MOD*(L):

a <rp biff " (a,b) CF

The p-ordered model class is: K = {(4, <f) | (A,F) € MOD*(L)}.

Differences: absence of parameters and absence of modus ponens.
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The enriched implicational hierarchy

Rasiowa-implicative

/

regularly finitely
implicative Rasiowa-implicational
algebraically regularly finitely Rasiowa-implicational
implicative algebraizable / \
order finitely regularly Rasiowa-p-implicational
implicative algebraizable algebraizable
weakly finitely order algebraizable regularly weakly _ regularly
implicative implicational / \ /algebralzable p-implicational
finitely = finitely order |mp||cat\ona| weakly algebraizable = algeblra/callyl
weakly /mp//canona/ " equivalential / \ / p-implicational
weakly implicational = equlvalentlal order p-implicational

N

weakly p-implicational = protoalgebraic
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Separating examples

Exercise 8

BClI is order implicative (p(x,y) = {x = y}, 7(p) = {{p = p,p)})
but it is not weakly algebraizable.
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Separating examples

Theorem 3.30

If L is weakly order algebraizable with p, then for every algebra
A..

F— p~'[F] = {(a,b) € A% | pA(a,b, @) C F forevery @ € A<¥}
is injective on Fir(A).

Let E be the Entailment logic of Anderson and Belnap.

e E, E._, and E, _, are weakly implicative but not weakly
order algebraizable.
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