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Original motivation

@ ICRL (ICRC) stands for integral commutative residuated lattice
(chain).

@ Hajek posed the question whether the variety of representable
cancellative ICRLs V is generated by its Archimedean members.

@ He showed that V is not generated by Archimedean members as
a quasivariety.
@ Namely, the quasi-identity

(Q (P—q—qg=1=pvqg=1

holds in any Archimedean member but it does not hold in V.
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Original motivation (cont.)

@ Equivalently,
(Q (P—qg—qg=1=(Qq@—=p)—p=1
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Original motivation (cont.)

@ Equivalently,
(Q (P—qg—qg=1=(Qq@—=p)—p=1

@ Wajsberg’s axiom
(A1) (P—q) —qg<(@—p)—p
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Original motivation (cont.)

@ Equivalently,
(@ (=g —qg=1=(@—p)—p=1

@ Wajsberg’s axiom
(A1) (P—ag) —ag<(@—p)—p

@ (Q) is strictly weaker than (Ay). Namely, we will show that it is
equivalent to

(A)  (P—q —9P<(@—p) —p
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Algebras of interest

Definition
An integral commutative residuated lattice (ICRL) is an algebra
A= (A, —,A,V,1) where the following conditions are satisfied:
@ (A, -, 1) is a commutative monoid,
@ (A, A, V) is alattice,
@ 1is a top element,
o xy<ziffx<y— z
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Algebras of interest

Definition
An integral commutative residuated lattice (ICRL) is an algebra
A= (A, —,A,V,1) where the following conditions are satisfied:
@ (A, -, 1) is a commutative monoid,
@ (A, A, V) is alattice,
@ 1is a top element,
o xy<ziffx<y— z

@ A totally ordered ICRL is called an ICRC.
@ Variety generated by ICRCs is denoted ZCRLC.
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Wajsberg hoops

Definition
@ Arepresentable ICRL L is called cancellative if x — xy = y.
The corresponding variety CanZCRLE.
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Wajsberg hoops

Definition
@ Arepresentable ICRL L is called cancellative if x — xy = y.
The corresponding variety CanZCRLE.

@ LetL € ZCRLE. Lis called basic hoop if it satisfies
XAy =x(x—y).

@ A basic hoop satisfying (A¢) is called Wajsberg hoop.

Theorem
LetL € ICRLC. Then L is a Wajsberg hoop iff it satisfies (As).
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Convex subalgebras and congruences

Theorem (Hart, Rafter, Tsinakis)

LetL be an ICRL. Then its congruence lattice Con L is isomorphic to
the lattice of all convex subalgebras of L. The isomorphism is
established via the assignments 0 — Fy and F — 6, where

Fo={acl]|(a1)ecb},

and
br={(abyelLxlL|a—beFandb— ac F}.
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Archimedean classes

Definition
Let L be an ICRC. An Archimedean class is a maximal Archimedean
subsemigroup of L.
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Archimedean classes

Definition
Let L be an ICRC. An Archimedean class is a maximal Archimedean
subsemigroup of L.

Theorem

Let (C, <) be the chain of all Archimedean classes of an ICRC L.
Then Cy is dually-isomorphic to the chain of all principal filters Py .
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Archimedean classes

Definition
Let L be an ICRC. An Archimedean class is a maximal Archimedean
subsemigroup of L.

Theorem

Let (C, <) be the chain of all Archimedean classes of an ICRC L.
Then Cy is dually-isomorphic to the chain of all principal filters P.. Let
C € CL. The order-isomorphism ¢ : C.L — Py is defined as follows:

¢(C) = F(b), forany b e C.

For the inverse of ¢ we have ¢—'(F(b)) = F(b) \ F where F is the
predecessor of F(b).
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- Froiminaries |
Lexicographic product

Definition
Let A= (A, -a,—a, <a, 14) and B = (B, -5, —p, <g, 15) be cancellative
ICRCs. Then the lexicographic product of A and B is the algebra
A X B = (AxB,.,—, <, (14,1g)) where < is the lexicographic order
and

(a,b)-(c,d)=(a-ac,b-pd),
(a—pc,1p) ifa-(a—ac)<ac,
(a—acC,b—pd) otherwise. '

(a,b) — (c,d) :{
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Lexicographic product

Definition
Let A= (A, -a,—a, <a, 14) and B = (B, -5, —p, <g, 15) be cancellative
ICRCs. Then the lexicographic product of A and B is the algebra
A X B = (AxB,.,—, <, (14,1g)) where < is the lexicographic order
and

(a,b)-(c,d)=(a-ac,b-pd),
(a—pc,1p) ifa-(a—ac)<ac,
(a—acC,b—pd) otherwise. '

(a,b) — (c,d) :{

Proposition
Let A and B be cancellative ICRCs. Then A x B is a cancellative ICRC.
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Maxima of congruence classes

Lemma
LetL € ICRLC. Then
@ Ifp— q = qthen q = max[q]r(p)-
@ IfF is afilter and g = max|[q]r thenp — q=q forallp € F.

R. Hor¢ik (ICS, ASCR) A Weaker Form of Wajsberg’s Axiom Vanderbilt 2008

13/31



Maxima of congruence classes

Lemma
LetL € ICRLC. Then
@ Ifp— q = qthen q = max[q]r(p)-
@ IfF is afilter and g = max|[q]r thenp — q=q forallp € F.

Proof.
@ Letz € [q]F(p), i-e. Z— g € F(p).

R. Hor¢ik (ICS, ASCR) A Weaker Form of Wajsberg’s Axiom Vanderbilt 2008

13/31



Maxima of congruence classes

Lemma
LetL € ICRLC. Then
@ Ifp— q = qthen q = max[q]r(p)-
@ IfF is afilter and g = max|[q]r thenp — q=q forallp € F.

Proof.
@ Letz € [q]F(p), i-e. Z— g € F(p).
@ Then for some n € Nwe have p" < z — q.

R. Hor¢ik (ICS, ASCR) A Weaker Form of Wajsberg’s Axiom Vanderbilt 2008

13/31



Maxima of congruence classes

Lemma
LetL € ICRLC. Then
@ Ifp— q = qthen q = max[q]r(p)-
@ IfF is afilter and g = max|[q]r thenp — q=q forallp € F.

Proof.
@ Letz € [q]F(p), i-e. Z— g € F(p).
@ Then for some n € Nwe have p" < z — q.
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Maxima of congruence classes

Lemma
LetL € ICRLC. Then
@ Ifp— q = qthen q = max[q]r(p)-
@ IfF is afilter and g = max|[q]r thenp — q=q forallp € F.

Proof.
@ Letz € [q]F(p), i-e. Z— g € F(p).
@ Then for some n € Nwe have p" < z — q.
@ Hencez<p"—qg=p"" - (p—q)=q.

@ Obvious since p — g > gand p — q € [q]F.
L]
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1st characterization

Theorem

LetL be an ICRC. Then L satisfies (Q) iff each [x]r different from [1]¢
has no maximum for all nontrivial filters F.
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@ (=): Suppose F is a nontrivial filter and [x]¢ # [1]F s.t.
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1st characterization

Theorem

LetL be an ICRC. Then L satisfies (Q) iff each [x]r different from [1]¢
has no maximum for all nontrivial filters F.

Proof.
@ (=): Suppose F is a nontrivial filter and [x]¢ # [1]F s.t.
m = max [x]F.
@ Letse F\ {1}. Thens — m=m. Thus
(s—=m—-m=m—-m=1butsvm=s<1.
@ («<): Assume (Q) does not hold.

@ Then there are p,q € L such that (p — q) — g=1 and
p.g<pVvg<1.
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1st characterization

Theorem

LetL be an ICRC. Then L satisfies (Q) iff each [x]r different from [1]¢
has no maximum for all nontrivial filters F.

Proof.

@ (=): Suppose F is a nontrivial filter and [x]¢ # [1]F s.t.
m = max [x]F.

@ Letse F\ {1}. Thens — m=m. Thus
(s—=m—-m=m—-m=1butsvm=s<1.
@ («<): Assume (Q) does not hold.

@ Then there are p,q € L such that (p — q) — g=1 and
p.g<pVvg<1.
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R. Hor¢ik (ICS, ASCR) A Weaker Form of Wajsberg’s Axiom Vanderbilt 2008 14/31



~Resuits |
1st characterization

Theorem

LetL be an ICRC. Then L satisfies (Q) iff each [x]r different from [1]¢
has no maximum for all nontrivial filters F.

Proof.

@ (=): Suppose F is a nontrivial filter and [x]¢ # [1]F s.t.
m = max [x]F.

@ Letse F\ {1}. Thens — m=m. Thus
(s—=m—-m=m—-m=1butsvm=s<1.
@ («<): Assume (Q) does not hold.

@ Then there are p,q € L such that (p — q) — g=1 and
p.g<pVvg<1.

@ As(p—q)—qg=1,wegetp— g=gq,ie qg=max|[q]gp.
@ F(p) is nontrivial and g ¢ F(p) otherwise g = 1.
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Almost divisible

Proposition

Let L be an ICRC satisfying the quasi-identity (Q) and p, g € L such
thatp > q. Then gs < p(p — q) forall s < 1.
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Let L be an ICRC satisfying the quasi-identity (Q) and p, g € L such
thatp > q. Then gs < p(p — q) forall s < 1.

Proof.
@ Suppose 1 > p > @ (other cases are trivial).
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Proposition

Let L be an ICRC satisfying the quasi-identity (Q) and p, g € L such
thatp > q. Then gs < p(p — q) forall s < 1.

Proof.
@ Suppose 1 > p > @ (other cases are trivial).
@ Assume thereis s € L\ {1} such that p(p — q) < gs.
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Proof.
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Let L be an ICRC satisfying the quasi-identity (Q) and p, g € L such
thatp > q. Then gs < p(p — q) forall s < 1.

Proof.
@ Suppose 1 > p > @ (other cases are trivial).
@ Assume thereis s € L\ {1} such that p(p — q) < gs.
@ Let x € [p — q]F(s) such that x > p — q.
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Let L be an ICRC satisfying the quasi-identity (Q) and p, g € L such
thatp > q. Then gs < p(p — q) forall s < 1.

Proof.
@ Suppose 1 > p > @ (other cases are trivial).
@ Assume thereis s € L\ {1} such that p(p — q) < gs.
@ Let x € [p — q]F(s) such that x > p — q.
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Almost divisible

Proposition

Let L be an ICRC satisfying the quasi-identity (Q) and p, g € L such
thatp > q. Then gs < p(p — q) forall s < 1.

Proof.
@ Suppose 1 > p > @ (other cases are trivial).
@ Assume thereis s € L\ {1} such that p(p — q) < gs.
@ Let x € [p — q]F(s) such that x > p — q.
@ Thereis n € N such that xs"*' < p — g < xs".
® pxs"t! < p(p— q) < gs.
@ Thus pxs" < q, i.e. xs" < p — q (a contradiction).
L]
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2nd characterization

Theorem

An ICRC L satisfies the quasi-identity (Q) iff L is either a Wajsberg
hoop or there is a minimal nontrivial filter F (i.e., L is subdirectly
irreducible) and L/ F is a Wajsberg hoop such that each [x]r # [1]r
has no maximum.
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2nd characterization

Theorem

An ICRC L satisfies the quasi-identity (Q) iff L is either a Wajsberg
hoop or there is a minimal nontrivial filter F (i.e., L is subdirectly
irreducible) and L/ F is a Wajsberg hoop such that each [x]r # [1]r
has no maximum.

Corollary

LetL be an ICRC. IfL is Archimedean, then L satisfies (Q).
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Example of a non-Archimedean chain

@ Let R? be the lexicographic product of two copies of the t.o.
additive group of reals.
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Example of a non-Archimedean chain

@ Let R? be the lexicographic product of two copies of the t.o.
additive group of reals.

@ Consider the submonoid L generated by the set F U G where

F={(0,y)eR?|yeZ}, G={(xy)eR?|x<0}.

@ Then L is clearly integral, residuated and even cancellative but not
divisible.

@ The subset F is its minimum nontrivial filter and L/F is isomorphic
to R~ which is a Wajsberg hoop.

@ Each [(x, y)]F has no maximum for x < 0.
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Co-atom

Lemma

LetL be an ICRC satisfying (Q) such that L is not a Wajsberg hoop.
Then L has a co-atom, i.e., the set L\ {1} has a maximum.
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Co-atom

Lemma

LetL be an ICRC satisfying (Q) such that L is not a Wajsberg hoop.
Then L has a co-atom, i.e., the set L\ {1} has a maximum.

Corollary

Let L be a subdirectly irreducible ICRC and 6 its monolith. Then Fy is
either a Wajsberg hoop or has a co-atom.
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Axiomatization

Theorem
LetL be an ICRC. Then (Q) is valid in L iff (A? ) is valid in L.
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Axiomatization

Theorem

Let L be an ICRC. Then (Q) is valid in L iff (A2) is valid in L.

Lemma

LetL € Q. Then the following quasi-identity is valid in L:

(p—q)—q)vr=1= pvgvr=1.
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Axiomatization

Theorem

Let L be an ICRC. Then (Q) is valid in L iff (A2) is valid in L.

Lemma

LetL € Q. Then the following quasi-identity is valid in L:
(P—q) —qVvr=1= pvqgvr=1.

Using Cintula’s result Q is generated by chains. Thus

Corollary
Q= Al
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Generalized identity

Inspired by identity for basic hoops expressing the number of
components in the ordinal sum

(An)  AiL1((Pi—1 — pi) = Pi) < Vi P,

we consider analogous identity in our context

(A2 AL1((pi1 — pi) — pi)? < Vil pi-
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Characterization

Fact

Given an ICRC L and any identity, there is always a maximal convex
subalgebra satisfying the identity.
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Characterization

Fact
Given an ICRC L and any identity, there is always a maximal convex
subalgebra satisfying the identity.

Theorem

LetL be an ICRC and n > 2. Then L belongs to A2 iff L/ Fy; belongs to
A2 where Fy, is the maximal convex subalgebra belonging to A2_,.
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Characterization

Fact

Given an ICRC L and any identity, there is always a maximal convex
subalgebra satisfying the identity.

Theorem

LetL be an ICRC and n > 2. Then L belongs to A2 iff L/ Fy; belongs to
A2 where Fy, is the maximal convex subalgebra belonging to A2_,.

Corollary

LetL be an ICRC. IfL consists of at most n+ 1 Archimedean classes
then (A2) is valid in L.
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Lattice of subvarieties

Theorem
The chain of varieties A2 is strictly increasing and its limit is TCRLC.

R. Hor¢ik (ICS, ASCR) A Weaker Form of Wajsberg’s Axiom Vanderbilt 2008 22/31



Lattice of subvarieties

Theorem
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Theorem

The chain of varieties CanA2 is strictly increasing and its limit is
CanTCRLC.
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Lattice of subvarieties

Theorem
The chain of varieties A2 is strictly increasing and its limit is TCRLC.

Theorem

The chain of varieties CanA2 is strictly increasing and its limit is
CanTCRLC.

Proof.

Let L, be the lexicographic product of n copies of Z~. Then (A%q) is
not valid in L, but (A2) holds. O
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Outline

e Applications
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Applications

Number of Archimedean classes

Theorem

Let K be a class of ICRCs satisfying the following conditions:
@ K is closed under homomorphic images.
©Q LetL e K. Then (A? ) is valid in L iff L is Archimedean.

Then an algebra L ¢ K satisfies (A2) iff L contains at most n + 1
Archimedean classes.
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Number of Archimedean classes

Theorem

Let K be a class of ICRCs satisfying the following conditions:
@ K is closed under homomorphic images.
©Q LetL e K. Then (A? ) is valid in L iff L is Archimedean.

Then an algebra L ¢ K satisfies (A2) iff L contains at most n + 1
Archimedean classes.

Corollary

The previous theorem is applicable to the class of complete ICRCs
and of k-contractive ICRCs (x* = x*-1).
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MTL-algebras

Definition
An MTL-algebra is an algebra A = (A, -, —, A, V,0,1) where the
following conditions are satisfied:

Q@ (A, —,A Vv, 1)isan ICRL,

@ 0 s a bottom element,

Q@ x—y)Vv(y—x)=1forallx,y € L.
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MTL-algebras

Definition
An MTL-algebra is an algebra A = (A, -, —, A, V,0,1) where the
following conditions are satisfied:

Q@ (A, —,A Vv, 1)isan ICRL,

@ 0 s a bottom element,

Q@ x—y)Vv(y—x)=1forallx,y € L.

@ A totally ordered MTL-algebra is called an MTL-chain.

@ The zero-free subreducts of MTL-algebras are exactly
representable ICRLs.
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CxMTL-algebras, SMTL-algebras, MTMTL-algebras

An MTL-algebra is called:
@ CxMTL-algebra if xk = xk—1,

R. Hor¢ik (ICS, ASCR) A Weaker Form of Wajsberg’s Axiom Vanderbilt 2008 26/ 31



CxMTL-algebras, SMTL-algebras, MTMTL-algebras

An MTL-algebra is called:
@ CxMTL-algebra if xk = xk—1,
@ SMTL-algebra if x A =x =0,

R. Hor¢ik (ICS, ASCR) A Weaker Form of Wajsberg’s Axiom Vanderbilt 2008

26/ 31



CxMTL-algebras, SMTL-algebras, MTMTL-algebras

An MTL-algebra is called:
@ CxMTL-algebra if xk = xk—1,
@ SMTL-algebra if x A =x =0,
@ [MTL-algebraif -y v ((y — yx) — x) =1.
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CxMTL-algebras, SMTL-algebras, MTMTL-algebras

An MTL-algebra is called:
@ CxMTL-algebra if xk = xk—1,
@ SMTL-algebra if x A =x =0,
@ [MTL-algebraif -y v ((y — yx) — x) =1.

Theorem

Let L be a nontrivial SMTL-chain (MMTL-chain). ThenL =2 & C for a
(cancellative) ICRC.
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CxMTL-algebras, SMTL-algebras, MTMTL-algebras

An MTL-algebra is called:
@ CxMTL-algebra if xk = xk—1,
@ SMTL-algebra if x A =x =0,
@ [MTL-algebraif -y v ((y — yx) — x) =1.

Theorem
Let L be a nontrivial SMTL-chain (MMTL-chain). ThenL =2 & C for a
(cancellative) ICRC.

Conversely, let L be a (cancellative) ICRC. Then2 & L is a nontrivial
SMTL-chain (MMTL-chain).
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Lattice of subvarieties of M7 L

Theorem

The chain of varieties MT L + (A2) is strictly increasing and its limit is
MTL.

R. Hor¢ik (ICS, ASCR) A Weaker Form of Wajsberg’s Axiom Vanderbilt 2008 27 /31



Lattice of subvarieties of M7 L

Theorem

The chain of varieties MT L + (A2) is strictly increasing and its limit is
MTL.

Theorem

Let k > 2. The chain of varieties Cx MT L + (A2) is strictly increasing
and its limit is C,k MT L.
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Translation from ZCRLE to SMTL

@ Let I be a set of defining identites for ZCR LE.
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@ LetV be a subvariety of ZCRLC. Then V., denotes the class of
totally ordered members of V.
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@ Let I be a set of defining identites for ZCR LE.
@ Then SMTL is axiomatized by I' U {0 < x, x A —=x = 0}.

@ LetV be a subvariety of ZCRLC. Then V., denotes the class of
totally ordered members of V.

@ Define 2 @V as the variety generated by 2 @ C for C € V.
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Translation from ZCRLE to SMTL

@ Let I be a set of defining identites for ZCR LE.
@ Then SMTL is axiomatized by I' U {0 < x, x A —=x = 0}.

@ LetV be a subvariety of ZCRLC. Then V., denotes the class of
totally ordered members of V.

@ Define 2 @V as the variety generated by 2 @ C for C € V.

Lemma

LetV be a subvariety of ICRLE andT UX a set of its defining identities.
Then2 @V is axiomatized by A =T U {0 < x,x A —x =0} UX,, where

Yo={WwV---VavpVevi,...,vn)=1]p(vy,...,vy) =1 € X}.
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Isomorphism

Lemma

Each subvariety of SMTL-algebras is axiomatized by identities of
SMT L and identities of the form p(v1,...,Va)V V,c,Vi =1, where ¢
is a 0-free term. -
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Isomorphism

Lemma

Each subvariety of SMTL-algebras is axiomatized by identities of
SMT L and identities of the form o(vy,...,Vn) V \/,-Sn -v; =1, where ¢
is a 0-free term.

Theorem

The lattices of subvarieties of ZCRLC and SMT L are isomorphic via
the mappingV — 2 & V.
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Isomorphism

Lemma

Each subvariety of SMTL-algebras is axiomatized by identities of
SMT L and identities of the form o(vy,...,Vn) V \/,-Sn -v; =1, where ¢
is a 0-free term.

Theorem

The lattices of subvarieties of ZCRLC and SMT L are isomorphic via
the mappingV — 2 & V.

Corollary
SMTL=2aTICRLC and PMTL =2 @ CanICRLE.
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Subvarieties of SM7T L and PMTL

Theorem

The chains of subvarieties 2 © A2 and 2 & Can.A? are strictly
increasing and their limits are respectively SMT L and PMTL.
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Subvarieties of SM7T L and PMTL

Theorem

The chains of subvarieties 2 © A2 and 2 & Can.A? are strictly
increasing and their limits are respectively SMT L and PMTL.

Proposition

The variety 2 & A3 is a subvariety of SMT L defined by identity (A2, ,)

and 2 @ CanA? is a subvariety of P M7 £ defined by the same identity.
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Final picture

oMTE |
CaMT[.'"( L MTL

G=C-4?M c MTL%(A?,) zé ) ,
‘ GMTL+ (&2 ; ’:
* () i 26 CanAZ
CMTL+ (A7) MTL+(4)  BC+(42) 26 A2 i
G+ (A2) CoMTL + (43) ‘ 20 CandZ
i TL+ (A2 2
CsMTL + (A2) MTLA(4)  BLy (43) 204
: CkMTL + (A2) 2@ CanA?
G+(43)
CsMTLF (A MV = BL + (A3)

BA=G+(4})
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