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1 Introduction

The GMRES method of Saad and Schultz is a very popular iterative method for solving systems
of linear algebraic equations Az = b. Starting from an initial guess zg, this method computes
the initial residual rg = b — Azo and a sequence of iterates x1,xo, ..., so that the kth residual
r. = b — Ax;, satisfies

Irell = min [[p(A4) ol 1)

where 7, denotes the set of polynomials of degree at most k& and with value one at the origin
and | - || denotes the Euclidean norm. For simplicity we consider that ¢ = 0 and ||b]| = 1.

The GMRES convergence behavior has been investigated for many years, but a complete under-
standing still remains elusive. A general approach is to replace the complicated minimization
problem (1) by another one that is easier to analyze and that, in some sense, approximates
the original problem (1). Natural bounds on the GMRES residual norm arise by excluding the
influence of initial residual ro (in our case equal to b),

Il = min lp(A)] (GMRES)
< max min ||p(A)b]] (worst-case GMRES) (2)
[[bll=1 PE™x
< Heli llp(A)l (ideal GMRES). (3)
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The bound (2) corresponds to the worst-case GMRES behavior and represents a sharp upper
bound, i.e. a bound that is attainable by the GMRES residual norm. In this sense, (2) is the
best bound on |||l that is independent of b. Despite the independence of b, it is not clear in
general, which properties of A influence the bound (2). Finally, (2) can be bounded by the ideal
GMRES approximation (3), that represents a matrix approximation problem.

To justify the relevance of the bound (3), several researchers tried to identify cases in which (2)
is equal to (3). The best known result of this type is that (2) is equal to (3) whenever A is
normal [4, 5]. Despite the existence of some counterexamples [2, 8], it is still an open question
whether (2) is equal or close to (3) for larger classes of nonnormal matrices. To understand the
more complicated cases of nonnormal matrices that stem from practical problems, one needs
first to understand the relevant “simple” cases. In this talk we concentrate on the case of a
Jordan block, a prototype of a nonnormal matrix. Understanding of this case appears to be
a prerequisite for the analysis of other classes of nonnormal matrices, particularly the general
triangular Toeplitz matrices, for which some results were obtained by Faber et al. [2].



2 Results (see [7])

Consider the n by n Jordan block,

A1

A R ., AeR, A>0. (4)
L
A

In our analysis we concentrate on ideal GMRES steps k such that & divides n. In these steps,
we discover a special structure behind the convergence of ideal GMRES that allows to prove
interesting results. For such k we show that (2) is equal to (3) if A = Jy. Our main tool is
the equivalence between the kth step of ideal GMRES for Jy € R™*™ and the first step of ideal
CMRES for Jy. € R™#*7/k which allows us to characterize the ideal GMRES related quantities
in these steps k. In particular, the exact form of the kth ideal GMRES polynomial ¢, that solves

[l ()| = min [[p(Jy)]
PET
is given by
or(z) = a+ B (A —2)F,

where « and 3 are some particular real numbers that depend on A, k and n. The ideal GMRES
approximation |[¢g(J))|| is bounded by

A eos (7 ) < ller( Il < A7,
whenever \F > cos(ﬁ), and

k()] =1

for 0 < \F < cos(ﬁ).

We also extend previous results obtained by Greenbaum at al. [2] about the polynomial numerical

hull Hy(Jy) of degree k for the Jordan block Jy. It is known that Hy(Jy) is a circle around A
with radius r4,. When £ divides n, we show that

1/k
. s
Tk,n = |:COS <7n/k T 1>:| .

3 Summary

For a Jordan block .Jy, we are able to characterize the ideal GMRES related quantities and prove
equality of bounds (2) and (3) in the steps k such that k divides n. Our numerical experience
indicates that (2) is equal to (3) for each k, if A is a Jordan block. The generalization of our
results for each k remains the subject of further work.

Acknowledgement: This work was supported by the Emmy Noether-Programm of the Deu-
tsche Forschungsgemeinschaft. The first author was also supported by GA AS CR under grant
No. KJB1030306 and by the Program Information Society, project 1ET400300415.



References

[1]

2]

[6]

[7]

8]

V. FABER, A. GREENBAUM, AND D. E. MARSHALL, The polynomial numerical hulls of
Jordan blocks and related matrices, Linear Algebra Appl., 374 (2003), pp. 231-246.

V. FABER, W. JOUBERT, E. KNILL, AND T. MANTEUFFEL, Minimal residual method
stronger than polynomial preconditioning, STAM J. Matrix Anal. Appl., 17 (1996), pp. 707—
729.

A. GREENBAUM, Some theoretical results derived from polynomial numerical hulls of Jordan
blocks, Electron. Trans. Numer. Anal., 18 (2004), pp. 81-90 (electronic).

A. GREENBAUM AND L. GURVITS, Max-min properties of matriz factor norms, STAM J.
Sci. Comput., 15 (1994), pp. 348-358.

W. JOUBERT, A robust GMRES-based adaptive polynomial preconditioning algorithm for
nonsymmetric linear systems, STAM J. Sci. Comput., 15 (1994), pp. 427-439.

Y. SaAaD AND M. H. ScHuLTZ, GMRES: A generalized minimal residual algorithm for
solving nonsymmetric linear systems, SIAM J. Sci. Statist. Comput., 7 (1986), pp. 856-869.

P. TicHY AND J. LIESEN, Worst-case and ideal GMRES for a Jordan block, submitted to
Linear Algebra Appl., (2004).

K.-C. ToH, GMRES vs. ideal GMRES, STAM J. Matrix Anal. Appl., 18 (1997), pp. 30-36.



