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FDM for Dirichlet problem:

—Au+u=f onw
u=g invy= Ow
Main idea of FDM:

PDE is solved on the fictitious domain €2, w C (2, with a simple geometry. The
corresponding stiffness matrix A is structured. The original boundary conditions
on 7y are enforced by Lagrange multipliers or control variables.

Q
r

Classical FDM with [' = ~y Smooth FDM with [" £ ~

) GG (%) ()= (8)




FDM for unilateral problem:

—Au+u=f onw
u—g>0, 22>0, (u—g)2%=0 in v

) Gy on.

Equivalent form of BC: % = max {0, 80—7: —plu—g)}, p>0

Discretized FDM

Au—+BrAr — =0
ol F(u,Ar) =0
C.u—max{0,Cu—pBu—g)} =0

where B, Br and C,, are Dirichlet and Neumann trace matrices, respectively.

This system may be solved by a semi-smooth Newton method with:

Jacobi A B
acobian 9G() 0
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Formulation of the problem:

—Au+u=f onw }

u—g>0, 32>0, (u—g)z-=0 in v

where f € L2 (R?), g € HY*(v).

loc

Weak formulation:

Find v € H'(w) such that )
(4, 0)10 = (f, V)00 + <§—7Z,U>7 Vo € HY(w)
e H(y)

(=2 u—g), >0 Yue H(y)

/

It is equivalent to a convex minimization on a convex set. Here, \ := —;Z‘ plays
Y
the role of the Lagrange multiplier.



Reformulation of the inequality: for ;T“ € Li(y), p>0

(=2 u—g), >0 Ve H ()
)
(1= gt = 9log 20 Vp € Li(7)
0
(22— g)— ), <0 Vue IA(y)
0

e = P — plu—g))

Projection: P : L*(y) — L% () : Pp =max{0,p(x)}, x €~y



Reformulation of the weak formulation: if 2“ € L2 ()
Y

(U, U)l,w — (f7 U)O,w + (88_7:7 U)Oq VU € Hl(w)

= Pl — p(u—g))

Fictitious domain formulation:

Find (4, \) € H), (Q) x H (") such that )

(4, v)1.0 = (f,v)o0+ N\, v)r Vv € Hj()
o € 1)

oy,

o N
on — P(é)_n|: o p(”’w o g))

Here, A represents the jump of normal derivatve on I'.



Discretization:

Let V,, C H! (), Ag(y) C L*(7), Ag(T") € L*(T") be such that

per

dim V}, = n, dim Ag(v) = dim Ag(T") = m.

Find (Uy, A\yy) € Vi, X A (D) such that
(ﬁha Uh)l,Q — (f7 Uh)O,Q + ()\H, Uh)o,r Vo, € V),

Oty = P(Opty, — p(TeU, — gu))

ou

on.,

h|w

where 0y, Ty, and gy are appropriate approximations of , Up|, and g,

respectively, in Ag (7).

Algebraic form:

Au — BFAF —f=0
C.u—max{0,C.u—pBu—g)} =0

} Flu,Ar) =0
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Definition of slanting functions (X. Chen, Z. Nashed, L. Qi — 2000)

A function F' : Y — Z is said to be slantly differentiable at y if
o IF°: Y — L(Y, Z):

oo [E @+ h) = Fly) — F(y + WA]| _

0.
=1 |21

e F is uniformly bounded in an open neighbourhood of y.

[ is said to be a slanting function for F' at y.

Example: v : R — R,y — max{0,y}

0 ify <0

Py) =4 1 ify >0
ceR ify=0



Theorem (X. Chen, Z. Nashed, L. Qi — 2000)

Let F' be slantly differentiable in an open subset U C Y with a slanting function
F° : U — L(Y,Z), and y* € U be a solution to the nonlinear equation
F(y) = 0.1If F°(y) is non-singular for all y € U and {||F°(y)7'|| : y € U}
is bounded by a constant M/ > 0, then the Newton iteration

y =yt = Py T (Y

converges super-linearly to y*, provided that ||y — y*|| is sufficiently small.

Super-linear convergence:

k+1 %
o 1Y i’ I_
koo [y — y¥||
Linear convergence: 1" —o*|| <nlly* —y*||, 0<n<1

Quadratic convergence: ||y — || < C|ly* —y*|]?, 0<C



Idea of the proof:
Y=yt = Pyt T R(YY)
Y=y =y -y = FUYN (P - Fy), b=yt -y

y' =yt = Fly +h) T (F(y + W= Fy"+ h) + F(y")

[y —y* | < M||F°(y* +h)h — F(y* +h) + F(y)|
k+1 % * . ¥\ _ 0, %

Hyk gH SMHF(y +h) — F(y*) — F°(y* + h)h|
ly* — v Al

e if it converges, then it converges super-linearly

e it converges, provided that ||y’ — y*|| is sufficiently small (by induction)



Slanting function for our problem: F : R"™™ — R™™  y:= (u' ,AT)'

_ [ Au—BXx—f . .
Fo) = (M) G = (Gl Gatw)

Gi(u) = C,u — max {0, C,u— p(B%z‘u —g)}

PO = (gt 0 )r G = (Gl Gt

G?(u) = Gy — W(Cm“ - p(B%iu - gi))(C%i - pB%i)

Active/Inactive set terminology: M :={1,2,... . m}

A={ieM:C u—pB, u—g)) >0}
I={ieM:Cu—pB,u—g) <0}

Cou) = pB,; forie A
! C,, fori € 7



Active set algorithm:

0)Setk :=0,p>0,e, > 0,u’ € R", \" € R".
(1) Define the inactive and active sets by:
78 = {i: C,u" — p(B, u" —g) <0}

A" = {i: C, " —pB,u" —g) >0}

A B k1 f

u
PBy ax 0 ( A+ ) = | P8
C.pn 0 r

(2) Solve:

(3) If [Ju*t! — || /|[0* ]| < &,, return u := uF.

(4) Set k := k + 1, and go to step (1).

Remark: The mixed Dirichlet-Neumann problem is solved in each Newton step.
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Non-symmetric sadle-point system
A B/ u) (f
B2 0 A a g

A ... non-symmetric (n X m)—matrix
. singular with p = dim Ker A

General assumptions

By, B, ... full rank (m X m)-matrices
... B, #£B,

Special FDM assumptions
e nis large (n = 4198401)
em <Kn (m = 360)
e p < m (p=1,periodic BC on the fictitious boundary 0f) for —A)

® A is structured (circulant) so that actions of Al (or A1) are ’cheap”

e B, B, are highly sparse so that their actions are ’cheap”



Schur complement reduction

e a generalized inverse A’

e columns of (n X p)—matrices N, M span Ker A, Ker A", respectively

Au+B/ A=f — f—B/A€imA L KerA'
) )
u=A'(f-B/\) + Na M (f—B/A) =0
& The reduced system:
Bou—g < BQATTBQ _B,N )( A )_ ( BgATfT— g )
-M'B; 0 o -M f
Y

B,A'B/ A — BoNa = BoAf — g



Null-space method for the reduced system

F G| A) (d
G2 0 (84 a €
Two orthogonal projectors P; and P, onto Ker G; and Ker Go:

P.:R" — KerG;, P, =1—-G,(G;G.) 'Gy, k=1,2

Property: KerP,=ImG, <= P,G, =0

e P, splits the saddle-point structure: P.F\ + PlGlTa = P;d
P.FA=Pd, GA=¢e, o= (GG,) ' (Gd— GFN)

e P, decomposes A = Aj,, + Agers, A €EIM G;, Ageor € Ker Gy
At first: G A=GAp,=e = A, =G, (GG, ) e
At second: P.FAy., = Pi(d —FAp,) on Ker G



Algorithm PSCM

Step l.a: Assemble G; := —N'B,, G, .= —M'B;.
Step 1.b: Assemble d := BgATf —g, e .= —M'f.

Step 1.c:  Assemble H; := (G,G,)™!, Hy := (G,G, )"
Step 1.d:  Assemble Aj, := G, Hye, d := P;(d — F\p,).
Step l.e: Solve P;FAk,, =d on Ker Go.

Step 1.f: Assemble X := A\j, + Ager-

Step2: Assemble « := H;G{(d — F}).

Step3:  Assemble u := Af(f — B/ \) + Na.

e an iterative projected Krylov subspace method for non-symmetric operators
can be used in Step 1.e

e matrix-vector products

Fu = (By (AT (B[ ), Pip:=p— (G] (Hy(Gypp))



Idea: keep the iterative process for solving PyFAx,, = d on Ker G,.

Algorithm ProjBiCGSTAB [e, \°, F,P,, P,,d ]|

1°
90
30
40
5o
6°
70
g°
9e
10°
end

I~)k = P2P1Fpk

= (rk‘)—l—i:()/(f)k)"l—i:()
s = 1" — a;p"

" .= P,P,Fs"

Wy = (gk)TSk/(gk)Tgk
A= AP+ ayp® + wy st
ritl =gk — 8"

Brir = (o/wr) () TE/ (%) TH
ptt =1 + B (pF — wip”)
k=k+1

— A
Initialize: A" € Ker Gy, 1 ;= Pod — PoPFAL, p’ =1 k=0
While [|r"]| > €




A B/

Theorem 2 The saddle-point matrix A := ( =
2

) 1s invertible iff

B, has full row-rank )

Ker A N Ker B, = {0} > (NSC)

AKerB,NImB; = {0}

/

The generalized Schur complement: the matrix of the reduced system

—B,A'B] B,;N
S =
M'B] 0

Theorem 3 The following three statements are equivalent:

e The necessary and sufficient condition (NSC) holds.
e A is invertible.

e S isinvertible.

Remark: The generalized Schur complement S is not defined uniquely.



Theorem 4 Let A be invertible. The linear operator P\F: Ker G, — Ker G
is invertible.

Proof: Notice dim Ker G; = dim Ker G,.

Let u € Ker G, be such that PFu = 0. Then Fu € Ker P, = Im G/ and,
therefore, there is 3 € R? so that

Fu=G,3 and Gyu =0.

(&%) (%) - ()

where the matrix is —8& (i.e. the generalized Schur complement) that is invert-
ible iff A is invertible. Therefore p = 0.

We obtain



Circulant matrices and Fourier transform

ap Qap Q2
as, Qq ... Qas

A=|a a ... as | =(aTa, T, --,T" 'a)
Ap Ap—1 aq

XA = (DXO, DXl, DXQ, s ,DXn_1> = DX

Lemma: Let A be circulant. Then
A =X 'DX,

where X is the DFT matrix and D = diag(a),a = Xa,a = A(:, 1).



Multiplying procedure: A'lv .= X! (DT (XV)) ... Moore-Penrose

0° d:=fft(a)

1° v:=1£fft(v)

2° vi=v.xd! O(2nlog, n)
32 Aly = ifft(v)

Multiplying procedures: Na, N'v (and Ma, M'v)

As AN = 0, the matrix N may be formed by eigenvectors corresponding to zero
eigenvalues.

.
I-DD' = diag(1,1,1,0,...,0) = X '=(N,Y), X != (1‘;()

Therefore we can define the operation: ind(a) = ( (3 ) € R”

1° v, :=ind(a) 1° v:=ifft(v)

O(nl
2° Na = ifft(ve) 2° N'v:=ind (v } (nlogs )



Kronecker product of matrices: A, € R"™*"* A, &€ R"™"

a1 Ay ... af, A,
A@A, = + .
Up 1Ay - ah o, Ay
Lemma 1: (A, ®A,)B, ®B,) = A,B, ®A,B,
(Ax ® Ay)T - A;]; & A;r/
N = N, ®N,

Lemma2: (A, ® A,)v=vec(A,VA ), where V=vec '(v).

Vi
V = (Vl, co 7Vny) c Ry VeC(V) —

Vny

€ R™™



Kronecker product and circulant matrices: Let A, A, be circulant then:

A=AQL+LQA,
—1 —1 ~1 ~1
= X,;'D.X, ®X,'X, +X,'X, ® X, 'D,X,

= (X;'eXx (D, L +L D)X, ®X,)
— X 'DX

with
X = X, ®X, (DFT matrix in 2D)

D=D®I+I,&®D, (diagonal matrix)

where X, X, are the DFT matrices, D, = diag(X,a,), D, = diag(X,a,) and
a, =A,(:,1),a, = A,(:, 1), respectively.



Multiplying procedure: Alv .= X! (DT (XV))

OO

-
.
=
e
.

d, = fft(a,), d, .= fft(a,)

V = vec }(v)

V= £££(V)
V.=£fft(V")'

V := vec ! (D'vec(V))
V= ifft(V)
V:=ifft(V')"

A'v = vec(V)

Number of arithmetic operations :

O(2n(logy n, +logy n,) +n) = O(nlog, n),

Multiplying procedures:

T = 00,

No,N'v, Ma, M'v analogous
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