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1 MATHEMATICAL MODEL

1 Mathematical model

1.1 Scheme
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1.2 Variational formulation 1 MATHEMATICAL MODEL

1.2 Variational formulation

Total energy functional:

J(w) :=
1

2

(

a(w, w) + b(w−, w−)
)

− L(w), w ∈ H2(Ω),

w−(x) := min{0, w(x)}, L ∈ (H2(Ω))∗,

a(w, v) :=

∫

Ω

EIw′′v′′ dx, b(w, v) :=

∫

Ωs

qwv dx.

Minimization problem:

(P ) ?w∗ ∈ H2(Ω) : J(w∗) ≤ J(w) ∀w ∈ H2(Ω)

Non-linear variational equation:

?w∗ ∈ H2(Ω) : a(w∗, v) + b((w∗)−, v) = L(v) ∀v ∈ H2(Ω)
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1.3 Solvability and dependence on load 1 MATHEMATICAL MODEL

1.3 Solvability and dependence on load

Condition for existence and uniqueness of the solution:

F < 0 and xl < T < xr, F := L(1) and T :=
L(x)

L(1)
.

Dependence on the load: Let δ, ξ, η > 0 and

Sδ,ξ,η := {L ∈ V ∗ | T ∈ (xl + δ, xr − δ)}, F < −ξ < 0, ‖L‖∗ ≤ η}.

Then

∃c = c(δ, ξ, η) > 0 : ‖w∗
1 − w∗

2‖2,2 ≤ c‖L1 − L2‖∗, ∀L1, L2 ∈ Sδ,ξ,η,

where w∗
i = w∗

i (Li) solve the problem (P ) with respect to the loads Li, i = 1, 2.

T → ∂Ωs or
F

‖L‖∗
→ 0 =⇒ c → +∞
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2 PROBLEM APPROXIMATION

2 Problem approximation

Partition τh of Ω = [0, l] and points of numerical quadrature:

x0 xN

0 l

xl xrx1

z1 z2 zm. . .

. . . . . .. . .

Approximation of the bilinear form b:

bh(v1, v2) :=
m

∑

i=1

riv1(zi)v2(zi), v1, v2 ∈ H2(Ω),

Approximation of H2(Ω):

Vh ⊂ H2(Ω), Vh := {vh ∈ C1(Ω) | vh|(xj−1,xj) ∈ P3, j = 1, 2, . . . , N}.
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2 PROBLEM APPROXIMATION

Problem approximation:

(Ph)







find w∗
h ∈ Vh : Jh(w∗

h) ≤ Jh(vh) ∀vh ∈ Vh,

Jh(vh) := 1
2a(vh, vh) + 1

2bh(v−h , v−h ) − L(vh),

Solvability condition:

F < 0 and z1 < T < zm.

Convergence results:

‖w∗ − w∗
h‖2,2 ≤ c1h

2‖w∗‖4,2 w∗ ∈ H4(Ω) ∩ VM ,

‖w∗ − w∗
h‖2,2 ≤ c2h‖w∗‖3,2 w∗ ∈ H3(Ω),

limh→0 ‖w∗ − w∗
h‖2,2 = 0 w∗ ∈ H2(Ω),

where

VM = {v ∈ H2(Ω)| ∃p ≤ M, ∃z1, . . . , z2p ∈ Ωs : {x ∈ Ωs| v−(x) = 0} =

p
⋃

i=1

[z2i−1, z2i]}
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2 PROBLEM APPROXIMATION

Algebraic formulation:

• n, m - number of unknowns and number of springs,

• vh ∈ Vh 7→ v ∈ R
n,

• a(uh, vh) 7→ (Ku, v)n, K ∈ R
n×n,

• bh(uh, vh) 7→ (DBu, Bv)m, B ∈ R
m×n, D ∈ R

m×m,

• L(v) 7→ (f, v)n, f ∈ R
n,

(P)







?w∗ ∈ R
n : J(w∗) ≤ J(w) ∀w ∈ R

n,

J(w) := 1
2 (Kw, w)n + 1

2 (D(Bw)−, (Bw)−)m − (f, w)n,

or

(P) ?w∗ ∈ R
n : Kw∗ + BT D(Bw∗)− = f
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3 NUMERICAL METHODS

3 Numerical methods

A ⊂ {1, . . . , m} ... represents the choice of springs, A 7→ A ∈ R
m×m

v ∈ R
n 7→ A(v) := {i | (Bv)i < 0} 7→ A(v) ∈ R

m×m

Auxilliary linear problem with bilateral elastic springs:

(PA) ?w = w(A) ∈ R
n : Kw + BT DABw = f

Auxilliary non-linear “projected” problem for v ∈ R
n:

(Pv) ?c = c(v) ∈ R
2 : J(v + Rc) ≤ J(v + Ra) ∀a ∈ R

2, R ∈ R
n×2, KR = 0

or GT D(Bv + Gc)− = e,

G := BR =





1 1 . . . 1

z1 z2 . . . zm





T

, e := RT f = F





1

T



 ,
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3 NUMERICAL METHODS

Algorithm 1

Initialization

w(0) = 0,

A(0) = {1, . . . , m} 7→ A(0).

Iteration k = 0, 1, . . .

s(k), w(k) + s(k) solves (PA(k)

),

α(k) = arg min
0≤α≤1

J(w(k) + αs(k)),

w(k+1) = w(k) + α(k)s(k),

A(k+1) = A(w(k+1)).

Algorithm 2

Initialization

w(0) = Rc(0), c(0) solves (P0),

A(0) = A(w(0)),

Iteration k = 0, 1, . . .

s(k), w(k) + s(k) solves (PA(k)

),

α(k) = arg min
0≤α≤1

J(w(k) + αs(k)),

w̃(k) = w(k) + α(k)s(k),

c(k), c(k) solves (Pw̃(k)

),

w(k+1) = w̃(k) + Rc(k),

A(k+1) = A(w(k+1)).

w(k) 7→ w
(k)
h ∈ Vh, w

(k)
h → w∗

h in H2(Ω) uniformly w.r.t. h
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3 NUMERICAL METHODS

Connections with dual methods

Dual formulation of the problem (P):

(D)



























?λ∗ ∈ Λ : F(λ∗) ≤ F(λ) ∀λ ∈ Λ,

Λ := {λ ∈ R
m | λ ≤ 0, GT Dλ = e},

F(λ) = 1
2 (Kw(λ), w(λ))n + 1

2 (Dλ, λ)m,

Kw(λ) = f − BT Dλ

Dual formulation of the problem (PA):

(DA)







?λ(A) ∈ ΛA : F(λ(A)) ≤ F(λ) ∀λ ∈ ΛA,

ΛA := {λ ∈ R
m | λi = 0, i 6∈ A, GT Dλ = e}

λ∗ = (Bw∗)−, w∗ solves (P), λ(A) = ABw(A), w(A) solves (PA)
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3 NUMERICAL METHODS

Properties of Λ:

• closed, convex, non-empty and bounded set on R
m, if F < 0 and z1 < T < zm

• T → z1 or T → zm or F → 0 =⇒ diam(Λ) → 0

• Projection P of R
m onto Λ: (D(η − P (η)), λ − P (η))m ≤ 0 ∀λ ∈ Λ,

P (Bv) = (Bv + Gc)− ∀v ∈ R
n, c ∈ R

2 solves (Pv)

⇒ (Bw∗)−, (Bw(k))− ∈ Λ, where w(k) are generated by Algorithm 2

⇒ Algorithm 2 has better convergence properties for unstable loads than Algorithm 1
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4 NUMERICAL EXAMPLES

4 Numerical examples

Length of the beam: l = 1 m

Equidistant partitions

Stopping criterion:
‖r(k)‖n

‖f‖n
≤ 10−6, r(k) := f − Kw(k) − BT DB(w(k))−

Numerical quadratures:

NQ1 :

∫ 1

−1

φ(ξ) dξ ≈ 2φ(0)

NQ2 :

∫ 1

−1

φ(ξ) dξ ≈ φ(−1) + φ(1)

NQ3 :

∫ 1

−1

φ(ξ) dξ ≈ φ(−
√

3/3) + φ(
√

3/3)
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4.1 Comparision of the algorithms 4 NUMERICAL EXAMPLES

4.1 Comparision of the algorithms

Parameters: xl = 0.1 m, xr = 0.9 m, EI = 5 ∗ 105 Nm2, q = 5 ∗ 108 Nm−2, NQ3

Example 1 (stable). F0 = −5000 N , Fl = −5000 N , T1 = 0.5 m

0 1m0.1 T1 0.9

F0 Fl

? ?

Example 2 (unstable). F0 = −5000 N , Fl = −1000 N , T2 = 0.1667 m

0 1m0.1 T2 0.9

F0
Fl

?

?
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4.1 Comparision of the algorithms 4 NUMERICAL EXAMPLES

Ex. 1 40 80 160 320 640 1280

ALG1 4 3 4 4 4 4

ALG2 3 3 3 3 3 3

Ex. 2 40 80 160 320 640 1280

ALG1 6 6 7 8 7 8

ALG2 2 2 2 2 2 2

Table 1: Numbers of iterations.
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4.1 Comparision of the algorithms 4 NUMERICAL EXAMPLES

Example 1
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4.1 Comparision of the algorithms 4 NUMERICAL EXAMPLES

Example 2
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4.2 Load stability 4 NUMERICAL EXAMPLES

4.2 Load stability

Parameters: xl = 0.2 m, xr = 0.8 m, EI = 20 Nm2, q = 1.2 ∗ 106 Nm−2, NQ3

Investigated term:

cp =

‖w∗

1−w∗

2‖A

‖w∗

1‖A

‖f1−f2‖n

‖f1‖n

, ‖v‖2
A := (Av, v)n, A = K + BT DB

Example 1 (stable). P1 = −100Nm−1, P2 = −101Nm−1

0 1m0.1 0.2 Ti 0.8 0.9

Pi Pi

? ? ??? ??? ? ?

cp = 1.00
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4.2 Load stability 4 NUMERICAL EXAMPLES
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4.2 Load stability 4 NUMERICAL EXAMPLES

Example 2 (unstable).

P1,1 = −100Nm−1, P1,2 = −450Nm−1, T1 = 0.7864m, F1 = −55.0N,

P2,1 = −100Nm−1, P2,2 = −451Nm−1, T2 = 0.7867m, F2 = −55.1N

0 1m0.1 0.2

Ti

0.8 0.9

Pi,1 Pi,2? ? ???
??? ? ?

cp = 25.83
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4.2 Load stability 4 NUMERICAL EXAMPLES
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4.2 Load stability 4 NUMERICAL EXAMPLES

Example 3 (unstable).

P1,1 = 100Nm−1, P1,2 = −110Nm−1, P1,3 = 100Nm−1,

T1 = 0.5000m, F1 = −2.0N,

P2,1 = 100Nm−1, P2,2 = −110Nm−1, P2,3 = 101Nm−1,

T2 = 0.4763m, F2 = −1.9N

0 1m0.1 0.2 T1T2 0.8 0.90.4 0.6

Pi,1 Pi,3Pi,2
6 6 666

??????????
666 6 6

cp = 44.53
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4.2 Load stability 4 NUMERICAL EXAMPLES
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES

4.3 Verification of convergence results

(P )







w(4)(x) + χ((1/5, 4/5))w−(x) = f(x), x ∈ (0, 1),

w′′(0) = w′′′(0) = w′′(1) = w′′′(1) = 0,

f(x) =



















−384
(

x − 1
2

)2
+ 32, x ∈ (0, 1

5 ) ∪ ( 2
5 , 3

5 ) ∪ ( 4
5 , 1),

− 16
15

(

x − 1
2

)6
+ 4

3

(

x − 1
2

)4 −
−385

(

x − 1
2

)2
+ 148816

15000000 + 32,
x ∈ ( 1

5 , 2
5 ) ∪ ( 3

5 , 4
5 )

w(x) = −16

15

(

x − 1

2

)6

+
4

3

(

x − 1

2

)4

−
(

x − 1

2

)2

+
148816

15000000

0 10.2 0.80.4 0.6
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES

Investigated terms:

c1 = ‖w − wh‖2,2/h
2, ‖v‖2

2,2 :=
∫ 1

0
(v′′)2 dx +

∫ 4/5

1/5
v2 dx,

c2 = |w − wh|0,2/h
2, |v|20,2 :=

∫ 1

0
v2 dx

c1 10 20 40 80 160

NQ1 1.0422 1.0606 1.0651 1.0663 1.0666

NQ2 1.0423 1.0606 1.0652 1.0663 1.0664

NQ3 1.0422 1.0606 1.0651 1.0663 1.0666

c2 10 20 40 80 160

NQ1 0.0575 0.0577 0.0577 0.0577 0.0585

NQ2 0.1559 0.1351 0.1289 0.1302 0.1388

NQ3 0.0005 0.0001 0.0000 0.0000 0.0017
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES

Thank you for your attention.
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