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1 MATHEMATICAL MODEL

1 Mathematical model

1.1 Scheme
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1.2 Variational formulation 1 MATHEMATICAL MODEL

1.2 Variational formulation

Total energy functional:

J(w) = % (ol ) == Bl ) = ), w0 & FEA),

w™ () := min{0, w(z)}, L € (H*(Q))*,

a(w,v) = / ElIw"v" dx, b(w,v) ::/ quv dz.
Q Qs

Minimization problem:

(P)  w* € H2(Q): J(w") < J(w) Ywe H2(Q)

Non-linear variational equation:

w* e H*(Q) :
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1.3 Solvability and dependence on load 1 MATHEMATICAL MODEL

1.3 Solvability and dependence on load

Condition for existence and uniqueness of the solution:

L
F<0 and z1<T <z, F:=L(1) and T::%.

Dependence on the load: Let 6,&,17 > 0 and

Ss e = {LeV*|Te(x;+d0,xz,—90)}, F<—=£<0, |[L||« <n}.

Jde=1c¢(0,&,m) >0 |Jw] —wsll22 < cl|L1 — La|lx, VL1,La € Ss¢ n,

where w} = w}(L;) solve the problem (P) with respect to the loads L;, i = 1, 2.

F

T — 0f), or —
IL ]|«

0 c — +00
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2 PROBLEM APPROXIMATION

2 Problem approximation

Partition 74, of Q = [0, 1] and points of numerical quadrature:

0 | | z1ze . . . Zm
Approximation of the bilinear form b:

017’02

Approximation of H?(Q):

Vi C H2(Q)7 Vi = {Uh S Cl(§> ‘ /Uh‘(a;j_l,xj) € Ps, g =1,2% ..
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2 PROBLEM APPROXIMATION

Problem approximation:

find wy € Vi, © Jp(wy) < Jp(vp)
(Pn)

Jh(vh) = %CL(’Uh,’Uh) T %bh(vl:vvf:) — L( )7

Solvability condition:
F<0 and z <T < z,,.

Convergence results:
clh2||w*H4,2 w* € H4(Q) M VM,
chllw*llse  w* € H3(9Q),

0 w* € H*(Q),

where

Vi = {v e H*(Q)| Ip < M, 3z,
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2 PROBLEM APPROXIMATION

Algebraic formulation:
e n,m - number of unknowns and number of springs,
e v, €V}, — veR",
a(up,vp) — (Ku,v),, K &R"™",

b, (un,vy) — (DBu, Bv)y,, Be&€R™*" D eRmM*m,

L) — (f,v)n, feR™,

(IP)
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3 NUMERICAL METHODS

3 Numerical methods

A C{1l,...,m} ... represents the choice of springs, A — A € R™*™

Auxilliary linear problem with bilateral elastic springs:

(P4 ?w=w(A)eR": Kw+ B'DABw = f

Auxilliary non-linear “projected” problem for v € R":

(P") ?c=c(v) €R*: J(w+ Rc)<Jw+Ra) VacR? RcR"™ KR=0

or GY'D(Bv+Ge)™ =e,

SNA 28.1.-1.2.2008, Liberec Page 9



Algorithm 1
Initialization

w© =0

A0 — {1,...,m} — A
Iteration k =0,1,...

stk) ) 4 5(k) solves (IP)A(k)),

a®) = arg min J(w® + as®),

0<a<l
w(k+1) — w(k) _|_ a(k)s(k)’

A(kz+1) _ A(w(k+1))_

3 NUMERICAL METHODS

Algorithm 2

Initialization
w® = Rc®), 0 solves (P?),
A0) — A(w(0>),

Iteration £k =10,1,...
s(F) w4 (k) solves (IP)A(k)),

a®) = agrg min J(w® + as®),
0<a<l

c®) c®) solves (Pw(k)),
w(k+1) — ’lfj(k) -+ Rc(k)1
ARFD) = A+,

w®) — w,(lk) € Va, wék) — wi in H*(Q) uniformly w.r.t. h
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3 NUMERICAL METHODS

Connections with dual methods

Dual formulation of the problem (IP):

(e A FO)<FN) VAeA,
Ai={DeR™ | X0, GID) = e},
F(A) = 2(Kw(A), wA)n + 3 (DX, A,
Kw(\) = f — BYD)

(D)

\

Dual formulation of the problem (P4):

D) IAA) e AL F(AMA) < F(\) Ve Al
A ={NeR™ | X\ =0,i¢ A GTD)=e¢e}

N = (Bw*)~, w* solves (P), A\(A) = ABw(A), w(A) solves (P*)
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3 NUMERICAL METHODS

Properties of A:
e closed, convex, non-empty and bounded set on R™, if F' < 0 and z1 < T < z,,
o l'—z orT— 2z, or F—-0 = diam(A)—0

e Projection P of R"™ onto A: (D(n—P(n)),A—P(1))m <0 VA €A,

P(Bv) = (Bv+Gc)~ Vv € R"™, ¢ € R? solves (P?)

= (Bw*)~, (Bw"))~ € A, where w¥) are generated by Algorithm 2

= Algorithm 2 has better convergence properties for unstable loads than Algorithm 1
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4 NUMERICAL EXAMPLES

4 Numerical examples

Length of the beam: [ =1 m
Equidistant partitions
Stopping criterion:

Numerical quadratures:
NQl :
NQ2 : o(&) d§ ~ ¢(—1) + ¢(1)

NQ; : ¢(&) dé ~ ¢(—V/3/3) + ¢(V3/3)
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4.1 Comparision of the algorithms 4 NUMERICAL EXAMPLES

4.1 Comparision of the algorithms

Parameters: ; = 0.1 m, 2, =09 m, EI =5% 10> Nm?, ¢ =5 103 Nm~=2, NQ;

Example 1 (stable). Fy = —5000 N, F; = —5000 N, Ty = 0.5 m

lFo

0 l i

Example 2 (unstable). Fy = —5000 N, F; = —1000 N, T5 = 0.1667 m

i B

0 0.1 T, 0.9 1m
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4.1 Comparision of the algorithms 4 NUMERICAL EXAMPLES

Table 1: Numbers of iterations.
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4.1 Comparision of the algorithms 4 NUMERICAL EXAMPLES

Example 1
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4.1 Comparision of the algorithms 4 NUMERICAL EXAMPLES

Example 2
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4.2  Load stability 4 NUMERICAL EXAMPLES

4.2 Load stability

Parameters: 2; = 0.2 m, z, = 0.8 m, EI =20 Nm?, ¢ =1.2%10° Nm~=2, NQ5

Investigated term:

1 2 . _ T
Cp — Hfﬁf_]ﬁQH" ) ||UHA T (AU,’U)n, A=K + B DB
1{ln

Example 1 (stable). P = —100Nm ™!, P, = —101Nm ™!
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4.2  Load stability 4 NUMERICAL EXAMPLES
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4.2  Load stability 4 NUMERICAL EXAMPLES

Example 2 (unstable).

Py =—100Nm™*, Py o= —450Nm~', Ty =0.7864m, F; = —55.0N,
Py = —100Nm™"', Pyo= —451Nm~"', Ty =0.7867m, F» = —55.1N

fvyvebin

0.1 0.2
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4.2  Load stability 4 NUMERICAL EXAMPLES
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4.2  Load stability 4 NUMERICAL EXAMPLES

Example 3 (unstable).

Pl,l = 1()()Nm_1, P1,2 = —110Nm_1, P1,3 = 100Nm_1,
T, = 0.5000m, Fy = —2.0N,

Pg’l —= 100Nm_1, P2,2 = —110Nm_1, P2,3 = 101Nm_1,
T2 = 04763777,, F2 = —1.9N

P; o P; 3

S

it

0.4 T,T, 0.6 08 09 1m

¢, = 44.53
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4.2  Load stability 4 NUMERICAL EXAMPLES
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES

4.3 Verification of convergence results

w(z) +x((1/5,4/5))w™ (z) = f(z), =€ (0,1),
w//(o) — w///(o) — w//(l) — w///(l) — O,

(P)

i)

148816
+ 15000000 + 32’

4 )2 148816

2 i 15000000
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES

Investigated terms:

1 4/5
e1 = lw—walla/h2, |03 = fy (v")? du+ [0 0? da,

c2 = |w — wh|0,2/h27 \’U|(2),2 = fol v? d

10 20 40 30
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES

20 elements
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES

20 elements
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4.3 Verification of convergence results 4 NUMERICAL EXAMPLES

Thank you for your attention.
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