Total EETI method fer sensitivity,
analysis in contact shape optimization
problems

Vit Vondrak
Zdenék Dostal

David Horak

Dept. of Applied Mathematics
VSB-Technical University of Ostrava
Czech Republic

28.1-1.2. 2008




Outline

Contact problems

FETI and Total FETI methods
Optimality of solution algorithm
Numerical experiments
Contact shape optimization
FETI based sensitivity analysis
Conclusions

28.1-1.2. 2008




Contact problem

Variational ineguality

a(u,v—u)=b(v—-u), LvUC
!

miniu'Ku-u'f,

st.Bu<c
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EETI deomain decomposition
method
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Primal problem

miniu'Ku-u'f subjectto Bu<c,,B.u=0
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EE T solution) of contact
problem

miniA"FA-A"d subjectto A, =0, EA =g

F=BK'B'" d=BK'f-c
E=R'B" g=R'f
Reconstruction formula
u=K"(f-B"A)+Ré span{ R} = null K
with appropriate vector & 0[] Mo

Construction of Ris costly and depends on some &!

FARHAT, C., GERARDIN, M., On the general solution by a direct method for a
large scale singular system of linear equation. Int. Journal for Num. Meth. in
Engng., 1998, vol. 41, p. 675-696.
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Total EETI demain decomposition

I

Contact interface

u

Primal problem
miniu'Ku-u'f subjectto Bu<c,,B.u=0,B,u=0
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T otal EE T selution of contact
problem
mini A"FA-A"d subjectto A, =0, EA=g
F=BK'B'" d=BK*'f -c

E=R'B" g=R'f

Reconstruction formula

u=K"(f-B"A)+RE

with appropriate vector & 00 * spa R} = nul

R is a-priori known!
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MPRGP: for bound constrained QP

OEDORMiniA'FA-A"d subjecttod =0

Proportioning
Conjugate gradient step

Expansion step (direction of reduced
projected gradient)

Modified Proportioning Reduced Gradient
Projection

SNA'O8 28.1-1.2. 2008




Proportioning

A proportional: H,B’()I)H2 < *¢" (No(A)

Reduction of the active set for non-proportional iterations
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Proportional iterations

Q
. : B(A)  -9(A)
Feasible conjugate 1 e
gradient step:

Projection step:
expansion of the
active set




SMALBE for bound and equality
constrained QP

@OEESIMiniA'"FA-A"d subjecttoA=0,EA=0

Augmented Lagrangian with projected gradient

L(A,u,p)=f(A)+ L EA +%pHEAH2

- Outer loop: Update of u

» Inner loop: Inexact MPRGP |[iCN¥2 BN

SemiMonotonic Augmented Lagrangian for Bound
and Equality constrained QP
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Optimality ofi SMALBE

* Penalty pis uniformly bounded

p<yM?/A, (F)
« SMALBE generates A at O(1) outer
iterations

« SMALBE with MPRGP generates A at
O(1) matrix-vector multiplications

DOSTAL, Z. Inexact semi-monotonic augmented Lagrangians with optimal
feasibility convergence for convex bound and equality constrained quadratic
programming. SIAM Journal on Numerical Analysis, 2005, vol. 43, 1, s. 96-115.
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Scalability ofi Tretal EET]

Model problem up to 2 130 048 dofs
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[ [
Display Window <@hrazeno> —Ex 72 Main Display Windew <@hrazeno>
TOP/DOMDEC V.20

CU Bovlder, Colarado USA CU Bovlder, Colarado USA

—ox

Total FETI Ratio
Primal/Dual var. 126/77 726/134 1.74
CG steps 18 34 1.89

In cooperation with C. Farhat, P. Avery, Stanford University
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3D semi-coercive prohlem

Main Display Windaw < @hrozeno> EER | . Main Display Windew <@hrazenos
TOP/DOMDEC V. 2.0 TOP/DOMDEC V.20
CU Boulder, Colovads USA CU Boulder, Colorado USA

Total FETI
Primal/Dual var. 27000/4500 27000/7200
CG steps 28 21

In cooperation with C. Farhat, P. Avery, Stanford University
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3D Hertz problem

1--——

Wk

| FET Total FET

Primal/Dual var. 11430/84 11430/2911
CG steps 12 447

In cooperation with J. Dobias, S. Ptak, Academy of Sciences of Czech Rep.
SNA’'08 28.1-1.2. 2008




Contact shape optimization

min(a,u(a))
a U,
(a,u(a))... objective function
u(a) solves contact problem:
miniu'K(a)u-u'f(a)
subject to B(a)u < c(a)
Variational inequality
a,(uv-u)=b,(v-u), OvOC,
!
miniu'K(a)u-u'f(a),
st. B(a)u<c(a)
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General solution scheme

Initial design s S
Ay Solution of state

problem u(a) with
Analysis fL_____ = given o
e.g. in linear elasticity
K(a)u(a)=f(a)
Stopping criterion Optimality

for optimal design test

e.g. ||0o,-Oggll<E

new

- Figure out Hu(a)
Sensitivity  (RESSSSIR@E  e.g. for evaluation of
analysis objective function

Design update
ot (o, u()

controlled by opti- g Optimization
mization algorithm step

a newzaold+Aa
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Einite difference sensitivity: analysis

« Advantage
du(a) _u(a +he)—u(a) — Simple implementation
0a, h  Disadvantages
where — m+1 assemblies of

u(a +he) solves stiffness matrix

. — m+1 solution of contact
miniu'K(a+he)u-u'f(a+he) oroblem (m+1

subject to B(a +he)u < c(a +he) decompositions of K)
— m+1 constructions of R

and e :(o ..010. ... O) i=1..m — numerically unstable
| * Does “semi-analytical”

method exist?
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Semi-analytical sensitivity: analysis

I ={i :B.(@)u(a) =c (a)} ... indices of nodal variablesin contact
ls={i:i0I.0A(a)>0} ...indices of nodal variablesin strong contact
lw ={i:i01; 0A(a) =0} ...indices of nodal variablesin weak contact

u(a, ) =lim# (u(@+hp) - u(a))

solves

miniz'K(a)z-Z2' f(a,B)
st. B, (a)z< g, (a,B), Bs(a)z=c4(a,pB)

f(a.B) = f'(a,8) - K'(a,Bu(@) + BT (a, /)A(a)
By(@) =[B ()], .¢s(@. 8 =[ fi(a. /)~ B.(@.Hu@)],,

B, (a) =[B (@], au(@.B) = (a.A) - Bl.(a.Au(@)]

Haslinger, Neittaanmaki, Finite Element Approximation for
Optimal Shape, Material and Topology Design 28 1-1.2. 2008




EETI based sensitivity: analysis

miniATF(@)A-A'd(a,5) st A,=0, E(@)A=g(a,p)
where

F(a) = B(a)K"(a)B"(a), d(a,8) =B(a)K"(a)f (a,p)-T(a,p),
E(a)=R'(a)B'(a), (a.B) =R (a)f(a.B)

e Only one assembly
and one decomposition
of stiffness matrix for all
I + r3 D T ﬂ: ei’ |:1
UCHORLCIMCHDREICHRICHN) - R(g) is invariant!
+R(a){ e |, IS typically empty
with such appropriate ¢ - B=Bs .
- only equality

constraints
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SMALE for equality: constrained QF

(3| miniATF(a)A -A"d(a,5) subjectto E(a)A =o

Augmented Lagrangian

L(A,up)=f(A)+ 4" E(a)/T+%pHE(a)A_H2

. Outer loop: Update of u

+ Inner loop: Inexact PCG  (MpWaa) VI I=eov]

SemiMonotonic Augmented Lagrangian for
Equality constrained QP
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Parallel implementation

.

K'(a,e), f'(a.e).C(a,e)

it

K'(a,8),'(a,e),C(a.e)

|

K'(a.e,), f'(a.&),C'(a.e)

K (a) = diag{K, (@), K, (@)}

/'

——

K'(a.e,), f'(a.e,).C'(a.&,)

_

K'(a.&),f'(a.&).C(a.&)

K*(a) = diag{K," (@), K," ()}

u(a),A(a), f(a),C(a).d(a)

Lt

K'(a.e), f'(a.&).C(a.&)
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ODESSY
Name: scont2

Date: Jul 18 2000 22:33

T

5.376E-0:

4.963E-0:

4.549E-0:
4.135E-0:
3.722E-0:

3.308E-0:

2.067E-0:

1.240E-0:

8.260E-0¢

444444444

——————————

FETI Dual 41 12

CG 61 7 8 8 8 8 7 405 11.42
Total Dual 166 137 137 137 137 137 137 8 171 433
FETl cc 108 32 32 30 30 30 36 : 008




‘scont” eptimized design

ODESSY
Name: scont2

Date: Jul 18 2000 22:52

Element Plot

= Time (s)
* Cost function
¥ Design change (%)
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Conclusions

Total FETI has a-priori known null spaces of
subdomain stiffness matrices

Solution algorithms have O(1) rate of
convergence

Semi-analytical method significantly speeds up

the optimization process

— In each design step only one stiffness matrix
assembly and one decomposition - no null space
recomputing

— No numerical instability caused by perturbation
parameters

— Significant reduction of inequality constraints (if any):
typically only SMALE outer loop iterations
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