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Outline

e F'EM solution of selfadjoint elliptic problems
e local FE problems and AS(§) preconditioner
e two-level AS2(d) preconditioner

e two-level AS2(0) preconditioner

e AS2()) preconditioner with aggregation

e AS2(0) preconditioner with aggregation

e hybrid preconditioners

e numerical results
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ﬂl’he Problem

Generally, a selfadjoint elliptic boundary value

problem :

0 ou
_ SR Y P ed _ in O
Z 8:132 (kjail?j> f H
v =u onlI'ycC o

ka%nz :f on I'y C 0f2

FEM discretization gives an algebraic problem

Au=b, u,be R"

with a matrix A, which is SPD, ill conditioned,
\sparse and large scale (dimension n ~ 10° —107).

\

Particularly,

a simple model:

Q= (0,2) x (0, 3)

— Au=fin{)
u = 0 on Of2

h=1/30, n=5100
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/Domain Decomposition and Local FE Spaces

=
=

A
v overlap

triangulation T, Q={FE: Fe€ T}
partition T, =T’ = %

h size of triangulation

H size of subdomains

0 size of overlap

subdomain Q) ={FE: Ec T}

DD Q=0,U...UQ,

FE space Vh:{UEHll):’U‘EGPl}

local FE space Vi, ={v € Vs : v =0 o0onQ\Q}
SD Vi=Vh1U...UVhm

N

Construction of
a preconditioner:
Ry, RZ

Ay, = Ry ART

parallel FE or

algebraic construct./




EMG ’05 (24th September 2005)

(A

DD type

AS Preconditioner:

Ba = Z RZAlzl R
k

\nuber of subdomains grow.

Model problem: — Au = fin Q= (0,2) x (0, 3)

dditive Schwarz Preconditioner

\

u = 0 on 0
#subdomains: | 2 | 4| 8 |12 | 16 | 24
0=1 16 | 22 | 30 | 36 | 42 | 45
o =2 12116 | 22 | 23 | 31 | 37
0=3 10 | 13|17 | 22 | 25 | 30

Numbers of iterations for ¢ = 103,

AS preconditioner is not numericaly scalable, the number of iterations grow as

/
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/Analysis of AS(6) Preconditioner N

Matsokin, Nepomnyaschikh 1985, Lions 1988, Dryja, Widlund 1987,1989
V=WVi+...4V,

D1: VoeV Jug € Vi:v=v1+...+vm, >l vk A< Ko || v |4
D2:VoeV Vo e€Vi:v=v1+...+vm, 0|45 K> vl
D1,D2 = A\yin (BaA) > 1/Kpy, Amax (BaA) < Ky, cond (B4A) < KoK,

D1:
e ex. partition of unity 8¢,...,60,,
S 0r,=1 on N e v eV =v=> il (6kv)
O € O (R?) 0, =0 on RN\Qy o Ko=C(1+672)

| V6 [l /5
e ex. interpolation I, : C' (2) — V},
D2: If £ = (ek1), €x = cos (Vk, Vi) 4, then K7 < p(€) <max ), ex.

\ Potentially m-independent. /
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AS Preconditioner - inexact subproblem solvers

Model problem: — Au = fin Q= (0,2) x (0, 3)
AS Preconditioner: uw = 0 on 0f2

_ T 31
Ba = Z Ry, Ay~ By #subdomains: | 2 | 4 | 8 | 12 | 16 | 24
k

AS(6=h) |16 ]22|30 |36 |42 | 45

inexact 47 149 | 52 | 54 | 55 | 59
AS(6=2h) |12 |16 | 22|23 |31 |37
Corzation of A inexact 50 | 51 | 51 | 53 | 53 | 55
here: Cholinc(’(;’) AS(6=3h) |10 |13 |17 |22 25| 30
MATLAB procedure inexact 55 | 55 | 55 | 54 | 54 | 55

A, = LLT

is an incomplete fac-

Numbers of iterations for ¢ = 107 3.

N /
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AS2 Preconditioner:

Bao = Z R%Alzl R
k

+RY AT Ry

Ap arises from

discretization on

Vo = Vi, H> h.

Vib=W+...+Vp

/Two-level AS2(4) Preconditioner

\

—Au=finQ=0,2) x (0,3) u=0 on 02

#subdomains: | 2 | 4| 8 |12 | 16 | 24
AS(6 = h) 16 | 22 | 30 | 36 | 42 | 45
AS2, H=3h 7181819199
AS(§=2h) | 12|16 | 22|23 |31 37
AS2, H=3h 7| 718 |8 |78

Numbers of iterations for ¢ = 107 3.

Numericaly scalable, but we have to construct coarse grid and assembly
Ap. Difficulties: (1) coarse grid construction, (2) to balance Ay with Ay,
\(3) components are not derived from A itself (black box features of AS). /
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/Two-level AS2(0) Preconditioner

Th—The— U — Vi CV,

Vi = {”U eV . U‘Q\Qk: O}

T — Vo=Vh

Vh:VQ—FZVk

Ty should contain DOF on

interface I' = U@Qk N oY

k£l
Wey={veVy: v(x)=0if e NTyg)} =V =Ved W,=Vyd W,
v=v+ ) wi =

2 2 2 2 2
(=) [looll% + S llwwl3] < llols < 0+ [Tl + 3 lwel3]

k v=cos(Vo,Wo),, Ko=1/(1—7), Ki =147

/
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C

/CBS constant - boundary macroelements

v = sup { \/a(vi)(;\’z/uz(w’w) v e Vo, w e Wy, v,w # O}
a(v,w) =3 ag(v,w)=>_ [ (D Vv, Vw)dz
E E FE

v = max~g, E - inner/interface macroelement

Interface: v € Vo(E) — Vv = (0, 6,) in Ty, Th.
w € Wyo(E) — Vw = (dg, dy) in T,
Vw = (dy, —dy) in Ty, Vw = 0 in
T3,Ty. If D = diag|k,, k;], then
ap (v,w) = 2k, 0, d A \
ag (v) < 2k.0% A > = YE < kwl’ffky.
ap (w) < 2(ked? + k,d2)A

/

\

/
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/CBS constant - inner macroelements

Maitre, Musy 1981.:

v = /1/2 for isotropic Laplacian
and rectangular elements, m, = 2.

e m, fold refinement!

e anisotropic Laplacian
o general elasticity ¢; ; ;!

e arbitrary element shape

m2—1

\yg 2.— Axelsson, RB 2001

p

\

my, = 2, Achchab, ... NLAA 2001

mg tetrahedra

X3

2
v< /1 — o RB NLAA 2003
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/ASZ((S)-AG Preconditioner with Aggregation \

Q=0 U...UQ,

Vi, = span {qﬁ?}?:l
{1,...,n} =J1U...UJy, disjoint

o Vo =span{}, ;= > ¢}

JjeJi
( - c1 He < |suppis| < coHY, H < {H, kh)
Q:Vi— Vo, Qu=> a(v)iy o V=W +Vi+...+Vy
ak:u(su;pwk) [ wu(x)dr e veEV = v=vg+vi+...+Un
SUppYi
Then: e vo = Qu, v =1} (Ox(v — o))

e Ko=C(1+h'H+062H?)

¢ ‘ Qu |?{1(Q)§ C% ‘ % ‘%}1(9)
o K1 <21+ p(£))

o | v—Qu [lLy0< CH | v |mig)
(weak approximation property) cond (GaA) < KyK1, etc.
\Blaheta 1986,1989, Braess 1994, Vanék, Mandel, Brezina 1996, Brezina 1997, Jenkins et al. 2001/
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A

Th—Thy— U=V CV,

(O B O O U
Vi = {U < Vi i vlo\e,= O} (0 N A
OO N N
: e
Vo created by aggregation SO=E=0= Se=9=g=
except the inner interface HHE AR EEE
' = U@Qk N 0SY; (O 0 A B
kot 0 O
(O A A R VU

Vi ="Vo + Z Vi not a special grid

S2(0)-AG Preconditioner

C' C Ny, - for each aggregate of nodes G; there is one point in G; N C
Wk:{’UEVk: ’U(ZC)ZOifCCEC} :>V:V()@Z Wi = Vo d Wy

-

v=cos(Vo,Wo)y, Ko=1/(1—-7), K1=1+7~
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n (] L3
[] [] »-
L n u

RT

N

1

10%

inner macroelement

Influence of anisotropy:

R, :

/Analysis of AS2(0)-AG Preconditioner

\

" " " CBS constants for isotropic
Laplacian:
O 0 n
inner macroelement
~v =0.8966
. i s interface macroelement
interface macroelem, ¥ —0-8916
k=0,1,2,3,6
0° | 0.8966 | 0.9080 | 0.9123 | 0.9128 | 0.9129
45° | 0.8966 | 0.9237 | 0.9903 | 0.9990 | 1.000
90° | 0.8966 | 0.9080 | 0.9123 | 0.9128 | 0.9129
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1. Aggregation / Agglomera-
tion on general grids accounting

strength of the couplings

2. SA -Smoothed Aggregations

3. EA -Enhanced Aggregations

N

AS2(6)-SA Preconditioner and other possibilities

(2 =(0,2) x (0,3), 2D plane strain,
v = 0.3. Zero displ. on 02, h=1/30

\

#subdomains: 4 | 16 | 24
c-grid H=3h, AP 8 | 8|9
AS2(6 = 2)-AG(2h) 17 | 20 | 20
+ rotations 16 | 18 | 19
AS2(6 = 0)-AG(2h) 16 | 17 | 18
smooth. AS2(2)-AG(2h) | 12 | 14 | 14

Numbers of iterations for ¢ = 1073

/
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/Hybrid Preconditioners

Bas: r—g,
gk = REAG ' Ror + 1" REA ' Rer
Bsg: r—g,
Rng_lRor
g=g+>1" RLA; Ri(r — Ag)
g =g+ R§ Ay Ro(r — Ag)

Q|
|

BH:T_>97 g:§

Bsy = Bo + (I — BoA)(X." Bx)(I — ABy), where B, = RF A 'Ry,
(T(BSHA) C <min{1, )\min(BAZA)}a )\maX(BAQA)>

N
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\end

/CG with Hybrid Preconditioner

u = REAS'Ryb, 70 = b— Aud
for i =0,1,... until|| || < e ||b]| do

w = (I—ABo)r® (if Ay" is exact, then w = )

w = Y 1" Brw
g' = (I = BoA)w
O = <ri7 gz>

if =0 then 3; = 0;/0;_1

if i = 0 then v/ = ¢ else v = g + [ '~
w' = AV, o = o;/(w', v*)

Wl = o —I—(qu;’vi

1+1

r = r* — oq;u’
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for 1 =0,1,...
wt = Av®

o = o1/ (' o)

\end

given u’— r’ = b — Au®, ¢¥ =

w' = Ul 4 !

ritl =t — ot

oIl — gz'—l—l _ G(,rz'+1>

for £=1,...

_ z'—l—l pit2—k

Bl = (lg ) —
Uz—l—l —

end = 0;+1

/GPCG -nonsymmetric /nonlinear preconditioners N

TO)? ORES gO
until || 7 | < e || b do

Extra:
s — 1x vector storage
ri, 7“73_1, cee s T
sX inner products
<gz'+17 Tz’+1—k:>

k=1,...

Y

,min{i + 1, s} do

1+1 i—l—l—k>)

<g y T /Oi+1—k

z—|-1 i ﬂz—l—l Uz—l—l—k

For s=1: one extra

inner product

i—I—Z—s(TO)

,min{s + 1, s}

/
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/Schwarz preconditioner with aggregation \

Model problem: Overlap 2h, #subdomains: | 4 | 16 | 24
Q = (0,2) x (0,3) c-grid H=3h, AP 717 | 8
c-grid H=3h, HP 6 | 6 | 6
—Au=fin{) aggreg. 2h, AP 13 | 17 | 17
u =0 on 90 aggreg. 2h, HP 10 | 11 | 11
h=1/30, n=5100 interface & aggreg. 2h, AP | 14 | 14 | 14
interface & aggreg. 2h, HP | 8 | 8 | 8
th smooth. aggreg. 2h, AP 10 | 11 | 11
h smooth. aggreg. 2h, HP T 7| 8

Z?’ Numbers of iterations for e = 1072. AP=additive

4

\ preconditioner, HP=hybrid preconditioner + GPCG[l]/




EMG ’05 (24th September 2005)

20

Model problem:

Q= (0,2) x (0, 3)

2D plane strain,
v =0.3.

zero displ. on 0f2,
h=1/30, n=5100

/Schwarz precond. with aggregation: Elasticity

Overlap 2h, #subdomains: | 4 | 16 | 24
c-grid H=3h, AP 8 | 8 | 9
c-grid H=3h, HP 6 | 7 | 8
aggreg. 2h, AP 17 | 20 | 20
aggreg. 2h, HP 12 | 13 | 14

interface & aggreg. 2h, AP | 16 | 17 | 18

interface & aggreg. 2h, HP | 8 | 9 | 9

smooth. aggreg. 2h, AP 12 | 14 | 14

smooth. aggreg. 2h, HP 9 | 10 | 10

Numbers of iterations for ¢ = 1073. AP=additive

preconditioner, HP=hybrid preconditioner + GPCG[l]/

\
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3D model problem: square footing bench-

e mark, 1 594 323 DOFs.
""""""" A3 = The additive Schwarz method, AGG(3), AGG(6),
Linux cluster with 16 computing nodes (2 AMD
P Athlon/2600, 3 GB). Myrinet L9 2Gb/s and

/SD Example - elasticity - parallel Schwarz metho

FastEthernet.
400 140
120 D\
k\ Legend
300 > DD
2 = 100 ¢ DD, ACG(3)
: : o DD, ACG(6)
Z E 80
iyt o0
s 20 V > DD 5 ;\ T’\
g ¢ DD, ACG(3) = 60 V)”*
g o DD, ACG(6) g
5 O 40 &
100 W
20 M
% 10 20 30 05 10 20 30

k Number of subdomains Number of subdomains /
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Conclusions

e Schwarz preconditioners
— importance of a coarse approximation

— algebraic construction

— lot of variants AS2(9), AS2(0), ...
e hybrid preconditioners and their implementation
e numerical results
Other issues
e subproblem solvers (inner iterations, balance)

e robustness

e implementation - parallel, black box

N
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Thank you for your attention.




