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•[ \] ^_` abc _d _e ^f` e gh i_c d b f` ` c j bc k jCl _m ` fn ^

•` _ k g` [ \ jl _m ` f n ^ gd h o p q δ r jCl f k _d h c bc _d f l

•bs _ut ` fv f` o pw q δ r jCl f k _d h c bc _d f l
•bs _ut ` fv f` o pw q 0 r jCl f k _d h c bc _d f l
• o pw q δ r jCl f k _d h c bc _d f l s c bx g y yl f y gbc _d
• o pw q 0 r jCl f k _d h c bc _d f l s c bx g y yl f y gbc _d
•x zm l c h jCl f k _d h c bc _d f l ^

•d an f l c k g` l f ^ a` b ^
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� fd f l g` ` z� g ^f` e gh i_c d b f` ` c j bc k m _ ad h gl z v g` a f

jCl _m ` fn �

−
∑

ij

∂

∂xi

(
kij

∂u

∂xj

)
= f in Ω

u = û on Γ0 ⊂ ∂Ω
∑

ij

kij
∂u

∂xj
ni = f̂ on Γ1 ⊂ ∂Ω

[ \] h c ^ kl f bc� gbc _d yc v f ^ gd g` y fm l gc k jCl _m ` f n
Au = b, u, b ∈ Rn

s c bx gn gb lc� A� s x c kx c ^ p�� � c ` ` k _d h c bc _d f h �

^ j gl ^f gd h ` gl y f ^ k g` f qh c n fd ^c _d n ∼ 105 −107 r��

� gl bc k a` gl ` z �

g ^c n j` f n _ h f` �

Ω = 〈0, 2〉 × 〈0, 3〉

− 4 u = f�� Ω

u = 0 �� ∂Ω

��� � ���� �� � � �� �
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b lc gd y a` gbc _d Th� Ω = {E : E ∈ Th}

j gl bc bc _d Th =
⋃

T 0

h,k =
⋃

T δ
h,k

x ^c� f _e b lc gd y a` gbc _d

� ^c� f _e ^ am h _ n gc d ^

δ ^c� f _e _ v f l ` g j

h
H

overlap

^ am h _ n gc d Ωδ
k =

{
E : E ∈ T δ

h

}

� � Ω = Ω1 ∪ . . . ∪ Ωm

[ \ ^ j g k f Vh =
{
v ∈ H1

D : v |E ∈ P1

}

` _ k g` [ \ ^ j g k f Vh,k = {v ∈ Vh : v = 0_d Ω\Ωk}

p� Vh = Vh,1 ∪ . . . ∪ Vh,m

� _d ^b l a kbc _d _e

g jCl f k _d h c bc _d f l �

Rk, R
T
k

Ak = RkAR
T
k

j gl g` ` f` [ \ _ l

g` y fm l gc k k _d ^b l a kb �
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o p � l f k _d h c bc _d f l �
BA =

∑

k

RTk A
−1
k Rk

� � b z j f

Ω1

Ω2

Ω3

Ω4

� ��  ¡ ¢C£ �¤ ¡  ¥¦ −4 u = f�� Ω = 〈0, 2〉 × 〈0, 3〉
u = 0 �� ∂Ω

§©¨ª ¤ � � ¥ «�� ¨ ¦ ¬ ­ ® � ¬ � ¯ ¬ ­

δ = 1 ° ± w w ²³ ² ± ´w ´ µ

δ = 2 °w ° ± w w w ² ² ° ²¶

δ = 3 °³ ° ² °¶ w w w µ ²³

·ª ¥ ¤  £¨ �¸ � ¹  £ « ¹� �� ¨ ¸ � £ ε = 10−3 º

» ¼ ¢ £  ½ �� � � ¹� ��   £ � ¨ � � ¹� ª ¥  £� ½ « ¡ ¾ ¨ ½ « ¡ «¤ ¡  � ¹ �  � ª ¥ ¤  £ �¸ � ¹  £ « ¹� �� ¨ ¿ £ �À «¨

� ª ¤  £ �¸ ¨ª ¤ � � ¥ «�� ¨ ¿ £ �À º
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V = V1 + . . .+ Vm

åæ ç ∀v ∈ V ∃vk ∈ Vk : v = v1 + . . .+ vm� ∑
k ‖ vk ‖2

A≤ K0 ‖ v ‖2
A�

åè � ∀v ∈ V ∀vk ∈ Vk : v = v1 + . . .+ vm� ‖ v ‖2
A≤ K1

∑
k ‖ vk ‖2

A�

åæ � åè ⇒ λmin (BAA) ≥ 1/K0� λmax (BAA) ≤ K1� k _d h (BAA) ≤ K0K1

åæ ç

•  é º ¢ « £ ¹� ¹� �� �¸ª � � ¹ ¾ θ1, . . . , θm∑
θk = 1 �� Ω

θk ∈ C∞
(
Rd

)
, θk = 0 �� Rd\Ωk

‖ ∇θk ‖L∞(Ω)≤ c/δ

•  é º�� ¹  £ ¢ � ¡ « ¹� �� Πh : C (Ω) → Vh

⇒ • v ∈ Vh ⇒ v =
∑

kΠh (θkv)

• K0 = C
(
1 + δ−2

)

åè çê e E = (εkl) , εkl = cos (Vk, Vl)A� bx fd K1 ≤ ρ (E) ≤ max
∑

l εkl�

� _ b fd bc g` ` z n t c d h f j fd h fd b �
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o p � l f k _d h c bc _d f l �
BA =

∑

k

RTk Ã
−1
k Rk

Ãk = LLT

c ^ gd c d k _ n j` f b f e g kt

b _ lc� gbc _d _e A�

x f l f � kx _` c d k qðï ³ ï r

] oñ ò oó jCl _ k f h al f

� ��  ¡ ¢C£ �¤ ¡  ¥¦ −4 u = f�� Ω = 〈0, 2〉 × 〈0, 3〉
u = 0 �� ∂Ω

§©¨ª ¤ � � ¥ «�� ¨ ¦ ¬ ­ ® � ¬ � ¯ ¬ ­

o p q δ = h r ° ± w w ²³ ² ± ´w ´ µ

c d f� g kb ´ ¶ ´ ô µw µ ´ µ µ µ ô

o p q δ = 2h r °w ° ± w w w ² ² ° ²¶

c d f� g kb µ³ µ ° µ ° µ ² µ ² µ µ

o p q δ = 3h r °³ ° ² °¶ w w w µ ²³

c d f� g kb µ µ µ µ µ µ µ ´ µ ´ µ µ

·ª ¥ ¤  £¨ �¸ � ¹  £ « ¹� �� ¨ ¸ � £ ε = 10−3 º
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 ì � � � � � 
� Ä δ Å � �� 
 � �� �� 
 � � �

� �� �� ��� � ��  �� � ��!
BA2 =

∑

k

RTk A
−1
k Rk

+RT0 A
−1
0 R0

A0" � � # � #$ � � %

�� #� � �  �& "  �� � � �

V0 = VH ' H > h (

Vh = V0 + . . .+ Vm

−4 u = f) * Ω = 〈0, 2〉 × 〈0, 3〉 u = 0 + * ∂Ω

,.- /01 +2 3) *- 4 5 6 7 8 5 8 9 5 6

� � : δ = h ; < = � � >? > = @� @ A

B C 5 DFE G HI J K K L L L

� � : δ = 2h ; <� < = � � � > > < > J

B C 5 DFE G HI M M 7 7 M 7

N /2 0O P- +Q ) RO P 3 R) + *- Q + P ε = 10−3 S

T U % �� � � " V W #� " V" X V � ' X U  Y �Z " [ �  � �� � #  � U �  �� " � # � \� � � " � � " # # � % X V W

A0 (] �^ � U V  � � #! : < ; �� " � # � \� � � �� � #  � U �  �� � ' :� ;  � X" V" � � � A0Y �  Z Ak '

: > ; �� % _� � � �  #" � � ��  � �� � [ � � $ � � % A�  # � V$ : X V" �` X� a $ �"  U� � #� $ � � ; (
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 w � �x � � 
� y 0 z � �� 
 � �� �� 
 � � �

Th→ T 0

h,k → Ω0

k → Vk ⊂ Vh

Vk =
{
v ∈ Vh : v |Ω\Ωk

= 0
}

TH → V0 = VH

Vh = V0 +
∑
Vk

TH #Z � U V � �� �  " � � ] {| � �

� �  �� $ " � � Γ =
⋃

k 6=l

∂Ωk ∩ ∂Ωl

Wk = {v ∈ Vk : v(x) = 0 if x ∈ N(TH)} ⇒ V = V0 ⊕
∑

Wk = V0 ⊕W0

v = v0 +
∑
wk ⇒

(1 − γ)
[
‖v0‖2

A +
∑

‖wk‖2
A

]
≤ ‖v‖2

A ≤ (1 + γ)
[
‖v0‖2

A +
∑

‖wk‖2
A

]

γ = cos (V0,W0)A D K0 = 1/ (1 − γ) , K1 = 1 + γ
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V0 W0

1
2 2

1
3

4

γ = # U _

{
a(v,w)√

a(v,v)
√
a(w,w)

: v ∈ V0, w ∈W0, v, w 6= 0

}

a (v, w) =
∑
E

aE (v, w) =
∑
E

∫
E

〈D∇v, ∇w〉 dx

γ = max γE '�� � � � � �� �� �  �� $ " � � % " � � � � V � % � �  

�� ��� � �� �� v ∈ V0(E) → ∇v = (δx, δy)) * T1, T2.

w ∈W0(E) → ∇w = (dx, dy)) * T1,

∇w = (dx, −dy)) * T2 D ∇w = 0) *

T3, T4. �Q D = �� " \ � kx, ky] D RIO *

aE (v, w) = 2kxδx dx ∆

aE (v) ≤ 2kxδ
2
x ∆

aE (w) ≤ 2(kxd
2
x + kyd

2
x)∆





⇒ γE ≤
√

kx

kx+ky
.
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� 3) R PO D � /-   8 ¡ 7 8 4

γ =
√

1/2¢ £¤¥ ¦ £§ ¤ £ ¨¥ ©ª « ¨­¬ « ©¥ «®

« ® ¯ ¤ ° ©§ « ® ±³² ¬ «¤ °¬ °´ °® § ¦ µ mp = 2 ¶

m=3

• mpQ +·1 PO ¸ *O 2 O * R¹

• 3 *) - + R P + º) »¼ 3 º· 3 ») 3 *

• ½O *O P 3· O · 3- R) ») R   ci,j,k,l¹

• 3 P0 ) R P 3 P  O ·O 2 O * R- I 3 ºO

γ ≤
√

m2
p−1

m2
p

B¾ O ·- - + * DF¿ À 5 Á Á 8

mp = 2 D B »I »I 3 0 D S S S N¼ B B 5 Á Á 8

m3
p RO R P 3IO 1 P 3

10

7 8

1 2 3

6

9
x

x

3

2

1

x

4 5

γ ≤
√

1 − 2
m4

p+m2
p

Â ÃÄ ªÅ Å Æ Ç ÇÈ
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Ω = Ω1 ∪ . . . ∪ Ωm

Vh = Ï qÑÐÒ {
φh

i

}n

i=1

{1, . . . , n} = J1 ∪ . . . ∪ JN , ¯¥ ¦ Ó £¥ ® §

V0 = span {ψi} , ψi =
∑

j∈Ji

φh
j

c1H
d ≤ | ÏÔ q q ψi| ≤ c2H

d µ H ≤ {H, kh}

Q : Vh → V0 D Qv =
∑
αk (v)ψk

αk = 1
µ( ÕÖ × × ψk)

∫

ÕÖ × × ψk

u (x) dx

ØÙ °®Ú

• | Qv |2
H1(Ω)≤ cH

h
| v |2

H1(Ω)

• ‖ v − Qv ‖L2(Ω)
≤ CH | v |H1(Ω)

ÛÝÜ Þßà ß á áãâ äåæç ßè æ äé áâ ä á Þâè ê ë
• Vh = V0 + V1 + . . .+ Vm

• v ∈ V ⇒ v = v0 + v1 + . . .+ vm

• v0 = Qv, vk = Πh (θk(v − v0))

• K0 = C
(
1 + h−1H + δ−2H2

)

• K1 ≤ 2(1 + ρ(E))

�� � � (GAA) ≤ K0K1 DO R » S

ìí îï ðñ îò óôõ öò óô ó ö ì÷ î ðø ø ò ó óù öú îû üý öþ îû ÿ ðí ö ì÷ ð� �û îò ó óõ ö ì÷ ð� �û îò ó ó � ö � ðû ý �û ø ðñ îí � � � �ò
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Th→ T 0

h,k → Ω0

k → Vk ⊂ Vh

Vk =
{
v ∈ Vh : v |Ω\Ωk

= 0
}

V0 � � �"  � � X W " \ \� � \"  �� �

� a � � _   Z � � � � �� � �  �� $ " � �
Γ =

⋃

k 6=l

∂Ωk ∩ ∂Ωl

Vh = V0 +
∑
Vk � �
 �� ��� �� �� ��� � �

C ⊂ Nh

�$ � � �" � Z " \ \� � \"  �� $ �� � � # Gi  Z �� � � #� � � _� � �  � � Gi ∩ C
Wk = {v ∈ Vk : v(x) = 0 if x ∈ C} ⇒ V = V0 ⊕

∑
Wk = V0 ⊕W0

γ = cos (V0,W0)A D K0 = 1/ (1 − γ) , K1 = 1 + γ
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� � � � ~� ~ Ë � É � y 0 z w 	 Ê
 Ë � � � �� Ë � Ê 	

� � � �� % " � � � � V � % � �  � �  �� $ " � � % " � � � � V � % (
�� � �� � #  " �  # $ � � � #�  � � _ � �

�" _ V" � � " �!

� � � �� % " � � � � V � % � �  

γ =? ( K L = =

� �  �� $ " � � % " � � � � V � % � �  

γ =? ( K L < =

� � U � � � �� $ " �� #�  � � _ W! ` ! ? ' < '� ' > ' =

RTα


 1

10k


Rα!

0◦ ? ( K L = = ? ( L ? K ? ? ( L <� > ? ( L <� K ? ( L <� L

45◦ ? ( K L = = ? ( L� > J ? ( L L ? > ? ( L L L ? < (? ? ?

90◦ ? ( K L = = ? ( L ? K ? ? ( L <� > ? ( L <� K ? ( L <� L
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 Ë � �� �� Ë � Ê 	 � � � Ë �Í Ê 	 " Ë ~ ~� � � �� �� Ê ~

< ( � \ \� � \"  �� � � � \ \ V� % �� " �

 �� �� � \ � � �� " V \� � � #" � �� U �  � � \

#  � � � \  Z � $  Z � �� U _ V� � \ #

5 S � � � � %� �  Z � � � \ \� � \"  �� � #

> (� � �� �Z " � � � � � \ \� � \"  �� � #

Ω = 〈0, 2〉 × 〈0, 3〉 D � ] _ V" � � #  � " � � '

ν = 0.3 (# �� � �� # _ V (� � ∂Ω ' I G 8 $ H Á

,.- / 01 +2 3) *- 4 6 8 9 5 6

»&% ½ P) 1 E G HI D B' K K L

B C 5 ( δ = 2 )% B * ( 5I ) 8 M +? +?

, P - R 3 R. -/ 0 < = < K < L

B C 5 ( δ = 0 )% B * ( 5I ) < = < J < K

02 - - RI S B C 5 ( 2 )% B * ( 5I ) < + < @ < @

N 12 3O P 0 -Q . RO P 4 R. -/ 0 Q - P ε = 10−3 S
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BA2 : r → g,

gk = RT0 A
−1
0 R0 r +

∑m
1 RTkA

−1
k Rk r

BSH : r → g ?

ḡ = RT0 A
−1
0 R0 r

¯̄g = ḡ +
∑m

1 RTkA
−1
k Rk(r −Aḡ)

g = ¯̄g +RT0A
−1
0 R0(r −A¯̄g)

BH : r → g ? g = ¯̄g

BSH = B0 + (I −B0A)(
∑m

1 Bk)(I −AB0) ?A@ B CD C Bk = RTkA
−1
k Rk

σ(BSHA) ⊂ 〈min {1, λmin(BA2A)} , λmax(BA2A)〉
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X 6 =Y Z\[ 8] 7 8 9: ;< 7 ] =] ;< 9 8

u0 = RT0 A
−1
0 R0 b ? r0 = b−Au0

^ _` i = 0, 1, . . . ab cde ‖ ri ‖≤ ε ‖ b ‖ f _

w = (I −AB0)r
i g\hi A−1

0 h j Ck lmn ?n B Co w = r i p

w =
∑m

1 Bkw

gi = (I −B0A)w

σi =
〈
ri, gi

〉

hi i = 0n B Co βi = σi/σi−1

hi i = 0n B Co vi = gi Cq j C vi = gi + βi v
i−1

wi = Avi ? αi = σi/〈wi, vi〉
ui+1 = ui + αiv

i

ri+1 = ri − αiw
i

rb f
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t< ;< > Z 9 = 8] : < ;< u] < 9v 8 w 8 9: ;< 7 ] =] ;< 9 8 >

x h y Co u0→ r0 = b−Au0, g0 = G(r0), v0 = g0

^ _` i = 0, 1, . . . ab cde ‖ ri ‖≤ ε ‖ b ‖ f _

wi = Avi

αi = σi/〈wi, vi〉
ui+1 = ui + αiv

i

ri+1 = ri − αiw
i

vi+1 = gi+1 = G(ri+1)

^ _` k = 1, . . . ,min{i+ 1, s} f _
β

(k)
i+1 = (〈gi+1, ri+2−k〉 − 〈gi+1, ri+1−k〉)/σi+1−k

vi+1 = vi+1 + β
(k)
i+1 v

i+1−k

rb f ⇒ σi+1

rb f

z{ c` |}

s− 1× y Cm n ~ D jn ~ D l x C

ri, ri−1, . . . , ri+2−s(r0)

s× h o o C D � D ~�� mn j

〈gi+1, ri+1−k〉,
k = 1, . . . ,min{i+ 1, s}

� ~ D j�� �� ~ o C Ck n D l

h o o C D � D ~�� mn
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