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Stavová úloha

Kontaktńı úloha s Coulombovým ťreńım
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Stavová úloha

Kontaktńı problém s Coulombovým ťreńım je popsán následuj́ıćımi vztahy:

∂τij(u)
∂xj

= 0 v Ω, i = 1, 2

τijνj = Fi na Γp, i = 1, 2

ui = 0 na Γu, i = 1, 2

(uν + α) Tν(u) = 0 na Γc, kde uν ≡ u · ν ≤ −α, Tν(u) ≡ τij(u)νiνj ≤ 0

|Tt(u)| ≤ −FTν(u), kde Tt ≡ τij(u)νjti na Γc

|Tt(u)| < −FTν(u)(x) ⇒ ut(x) ≡ (ut)(x) = 0 na Γc

|Tt(u)| = −FTν(u)(x) ⇒ ∃λ(x) > 0 : ut(x) = λ(x)FTν(u)(x) na Γc
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Stavová úloha

Algebraická formulace kontaktńıho problému se zadaným ťreńım:

Najděme (u, λν , λt1, λt2) ∈ R
n × Λν × Λt

takové, že

Au = l − BT
ν λν − BT

t1λt1 − BT
t2λt2

(λν − µν ,Bνu)Rp + (λt1 − µt1,Bt1u)Rp + (λt2 − µt2,Bt2u)Rp ≥

≥ (λν − µν , B̃α)Rp ∀(µν , µt1, µt2) ∈ Λν × Λt

Λν = {µν ∈ R
p | µν ≥ 0}

Λt = {(µT
t1, µ

T
t2)

T ∈ R
p × R

p | (µt1)
2
i + (µt2)

2
i ≤ gi, i = 1, ..., p}

P. Beremlijski (KAM, VŠB-TUO) Tvarová optimalizace SNA’08 Liberec, 28.1.2008 5 / 24



Stavová úloha

Zavedeme zobrazeńı Φ : R
p
+ → R

p
+:

Φ(g) = Fλν(g) ∀g ∈ R
p
+

Řešeńı diskrétńıho kontaktńıho problému s Coulombovým ťreńım definujme jako
pevný bod zobrazeńı Φ
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Tvarová optimalizace

Tvarová optimalizace pro kontaktńı úlohu s Coulombovým ťreńım

min Θ(α) = J (α,S(α))

s omezeńım
α ∈ Uad

Uad =

{

α ∈ R
d1×d2 | 0 ≤ α(i,j) ≤ C0, i = 0, 1, . . . , d1, j = 0, 1, . . . , d2;

|α(i+1,j) − α(i,j)| ≤
C1

d1
, i = 0, 1, . . . , d1 − 1, j = 0, 1, . . . , d2;

|α(i,j+1) − α(i,j)| ≤
C1

d2
, i = 0, 1, . . . , d1, j = 0, 1, . . . , d2 − 1;

d1
∑

i=0

d2
∑

j=0

α(i,j) = C2(d1 + 1)(d2 + 1)






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Tvarová optimalizace

Pro numerické řešeńı úlohy použijeme bundle trust metodu, ta poťrebuje
v každém bodě α jeden libovolný Clarke̊uv subgradient:

ξ ∈ ∂Θ(α) = ∂J (α,S(α))
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Citlivostńı analýza

S(α) (̌rešeńı kontaktńıho problému s Coulombovým ťreńım) je dáno jako řešeńı
zobecněné rovnosti:

0 ∈ Att(α)ut + Atν(α)uν − lt(α) + Q̃(ut, λν)
0 = Aνt(α)ut + Aνν(α)uν − lν(α) − λν

0 ∈ uν + α + NR
p

+
(λν),

(GE)

kde

Q̃(ut1,ut2, λν) = ∂(ut1,ut2)j(ut1,ut2, λν), j(ut1,ut2, λν) = F

p
∑

i=1

λi||(ui
t1,u

i
t2)||

a NR
p

+
je standardńı normálový kužel
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Citlivostńı analýza

2D p̌ŕıpad
Multifunkce Q̃ pro pevné i ∈ {1, 2, · · · , p} je dána následuj́ıćım p̌redpisem:

Fλi
ν∂|ui

t| =







Fλν
i jestliže ui

t > 0

−Fλν
i jestliže ui

t < 0

[−Fλν
i,Fλν

i] jestliže ui
t = 0

Q̃i

λν
i

ui
t

1

F
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Citlivostńı analýza

Nalezeńı jednoho (libovolného) Clarkeova subgradientu:

∂Θ(α) = ∇1J (α,S(α)) + conv {CT∇2J (α,S(α))|C ∈ ∂S(α)}

Protože ∀y∗ : ∅ 6= D∗S(α)(y∗) ⊂ conv {CT y∗|C ∈ ∂S(α)}, stač́ı nalézt jeden
prvek z množiny D∗S(α)(∇2J (α,S(α)))

Prvky limitńı koderivace D∗S(α) najdeme použit́ım nehladkého kalkulu
B. Morduchoviče
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Numerické př́ıklady

Př́ıklad 1

min ‖λ1 − λν‖
2
2

s omezeńım α ∈ Uad

Př́ıklad 2

min ‖λ2 − λν‖
2
2

s omezeńım α ∈ Uad

Př́ıklad 3

min ‖λν‖
4
4

s omezeńım α ∈ Uad
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Př́ıklad 1

Počátečńı tvar pružného tělesa
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P. Beremlijski (KAM, VŠB-TUO) Tvarová optimalizace SNA’08 Liberec, 28.1.2008 13 / 24



Př́ıklad 1

Rozložeńı normálového a p̌redepsaného napět́ı na kontaktńı hranici pro počátečńı
návrh tělesa
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Př́ıklad 1

Rozložeńı normálového a p̌redepsaného napět́ı na kontaktńı hranici pro
optimalizovaný návrh tělesa
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Př́ıklad 1

Optimalizovaný tvar pružného tělesa

0
0.5

1
1.5

2

0

0.5

1

−5

0

5

10

15

20

x 10
−3

x

Contact boundary

y

z
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Př́ıklad 2

Počátečńı tvar pružného tělesa
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Př́ıklad 2

Rozložeńı normálového a p̌redepsaného napět́ı na kontaktńı hranici pro počátečńı
návrh tělesa
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Př́ıklad 2

Rozložeńı normálového a p̌redepsaného napět́ı na kontaktńı hranici pro
optimalizovaný návrh tělesa
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Př́ıklad 2

Optimalizovaný tvar pružného tělesa
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Př́ıklad 3

Počátečńı tvar pružného tělesa
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Př́ıklad 3

Rozložeńı normálového napět́ı na kontaktńı hranici pro počátečńı návrh tělesa
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Př́ıklad 3

Rozložeńı normálového napět́ı na kontaktńı hranici pro optimalizovaný návrh
tělesa
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Př́ıklad 3

Optimalizovaný tvar pružného tělesa
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