SNA 2006, Sedlec-Prčice

Fictitious domain approach for the numerical realization of PDEs with stochastic data and geometry

C. Canuto^1 and T. Kozubek^2

1 Dipartimento di Matematica, Politecnico di Torino, C.so Duca degli Abruzzi, 24, 10129 Torino, Italy

2 Department of Applied Mathematics, VSB-Technical University of Ostrava, 17. listopadu 15, 708 33 Ostrava, Czech Republic

– p. 1/46

Outline

1. Problem setting 2. Fictitious domain method 3. Stochastic FD formulation 4. Polynomial chaos 5. Deterministic formulation of the stochastic FD problem 6. Discretization of the deterministic formulation 7. Numerical examples 8. Conclusions

– p. 2/46

Key ideas

1. suitable combination of fictitious domain approach and polynomial chaos;

2. adding one or more stochastic variables to the deterministic PDE, as an alternative to sampling techniques;

3. stochastic data in PDE are decomposed using fully orthonormal polynomial basis into separable deterministic and stochastic components.

– p. 3/46

Setting of the problem

(Ω, F, P) . . . a probability space, where Ω, F, P are the sets of random events, the σ-algebra of the subsets of Ω and the probability measure;

D(ω) . . . a bounded domain in R^d, d = 1, 2, 3 with the Lipschitz boundary Γ (ω) := ∂D(ω) dependent of a random event ω ∈ Ω;

D̂ . . . fictitious domain containing all domains with their boundaries.

– p. 4/46

Setting of the problem

(Ω, F, P) . . . a probability space, where Ω, F, P are the sets of random events, the σ-algebra of the subsets of Ω and the probability measure;

D(ω) . . . a bounded domain in R^d, d = 1, 2, 3 with the Lipschitz boundary Γ (ω) := ∂D(ω) dependent of a random event ω ∈ Ω;

D̂ . . . fictitious domain containing all domains with their boundaries.

– p. 4/46

Setting of the problem

(Ω, F, P) . . . a probability space, where Ω, F, P are the sets of random events, the σ-algebra of the subsets of Ω and the probability measure;

D(ω) . . . a bounded domain in R^d, d = 1, 2, 3 with the Lipschitz boundary Γ (ω) := ∂D(ω) dependent of a random event ω ∈ Ω;

D̂ . . . fictitious domain containing all domains with their boundaries.

– p. 4/46

Geometry of the problem

PSfrag replacements

– p. 5/46

Model problem in D(ω)

Find u : D(ω) × Ω → R such that almost certainly (a.c.) in Ω we have{

−△u( · , ω) = f in D(ω),

u( · , ω) = 0 on Γ (ω), ( P(ω) )

f . . . a given function in L^2(D̂).

– p. 6/46

Solving the discrete problem ( P(ω) ) for any ω ∈ Ω by FEM

By varying ω we have to: i) remesh the new domain D(ω);

ii) assemble the new stiffness matrix and the right hand side vector;

iii) solve the new system of linear equations.

The efficiency of solving the discrete problems is crucial.A fictitious domain method with nonfitted meshes avoids step (i) and partially step (ii).

– p. 7/46

Solving the discrete problem ( P(ω) ) for any ω ∈ Ω by FEM

By varying ω we have to: i) remesh the new domain D(ω);

ii) assemble the new stiffness matrix and the right hand side vector;

iii) solve the new system of linear equations.

The efficiency of solving the discrete problems is crucial.A fictitious domain method with nonfitted meshes avoids step (i) and partially step (ii).

– p. 7/46

Solving the discrete problem ( P(ω) ) for any ω ∈ Ω by FEM

By varying ω we have to: i) remesh the new domain D(ω);

ii) assemble the new stiffness matrix and the right hand side vector;

iii) solve the new system of linear equations.

The efficiency of solving the discrete problems is crucial.A fictitious domain method with nonfitted meshes avoids step (i) and partially step (ii).

– p. 7/46

Solving the discrete problem ( P(ω) ) for any ω ∈ Ω by FEM

By varying ω we have to: i) remesh the new domain D(ω);

ii) assemble the new stiffness matrix and the right hand side vector;

iii) solve the new system of linear equations.

The efficiency of solving the discrete problems is crucial. A fictitious domain method with nonfitted meshes avoids step (i) and partially step (ii).

– p. 7/46

FD formulation for a given event ω^∗ ∈ Ω

Simplified notation: D := D(ω^∗), Γ := Γ (ω^∗), u = u( · , ω^∗))

Find (û, λ) ∈ V × M such that ∫ D̂ ∇û · ∇v dx + ⟨λ, τv⟩_Γ = ∫ D̂ fv dx ∀v ∈ V,

⟨μ, τû⟩_Γ = 0 ∀μ ∈ M. (^ P )

⟨., .⟩ . . . the duality between M := H^{−1/2} (Γ ) and H^{1/2}(Γ ),

τ : H^1_0 (D̂) → H^{1/2}(Γ ) . . . the trace mapping,

V . . . a closed subspace of H^1(D̂).

– p. 8/46

FD formulation for a given event ω^∗ ∈ Ω

Simplified notation: D := D(ω^∗), Γ := Γ (ω^∗), u = u( · , ω^∗))

Find (û, λ) ∈ V × M such that ∫ D̂ ∇û · ∇v dx + ⟨λ, τv⟩_Γ = ∫ D̂ fv dx ∀v ∈ V,

⟨μ, τû⟩_Γ = 0 ∀μ ∈ M. (^ P )

⟨., .⟩ . . . the duality between M := H^{−1/2} (Γ ) and H^{1/2}(Γ ),

τ : H^1_0 (D̂) → H^{1/2}(Γ ) . . . the trace mapping,

V . . . a closed subspace of H^1(D̂).

– p. 8/46

FD formulation for a given event ω^∗ ∈ Ω

Typical choices for V are: H^1(D̂), H^1_0 (D̂) and H^1_P (D̂).

û|_D solves ( P ) by Lagrange multipliers.

– p. 9/46

FD formulation for a given event ω^∗ ∈ Ω

Typical choices for V are: H^1(D̂), H^1_0 (D̂) and H^1_P (D̂).

û|_D solves ( P ) by Lagrange multipliers.

– p. 9/46

Theoretical background of the BLM method

F. Brezzi and M. Fortin: Mixed and Hybrid Finite Element Methods, Springer-Verlag, New York, 1991.

V. Girault and R. Glowinski: Error analysis of a fictitious domain method applied to a Dirichlet problem, Japan J. Indust. Appl. Math., 12 (1995).

J. Haslinger and R.A.E. Mäkinen: Introduction to Shape Optimization, Theory, Approximation, and Computation, SIAM, Philadelphia, 2003.

Theorem. (^ P ) has a unique solution (û, λ) ∈ V × M, û |_D = u, λ =

[_{∂û} ∂n ] ._{– p. 10/46}

Theoretical background of the BLM method

F. Brezzi and M. Fortin: Mixed and Hybrid Finite Element Methods, Springer-Verlag, New York, 1991.

V. Girault and R. Glowinski: Error analysis of a fictitious domain method applied to a Dirichlet problem, Japan J. Indust. Appl. Math., 12 (1995).

J. Haslinger and R.A.E. Mäkinen: Introduction to Shape Optimization, Theory, Approximation, and Computation, SIAM, Philadelphia, 2003.

Theorem. (^ P ) has a unique solution (û, λ) ∈ V × M, û |_D = u, λ =

[_{∂û} ∂n ] ._{– p. 10/46}

Discretization of FD formulation

V, M =⇒ V_h, M_H by mixed FEM {R_h}_{h→0+} be a family of uniform rectangulations of D̂. With any R_h we associate

V_h = {v̂_h ∈ C(D̂) | v̂_h|_R ∈ Q_1(R) ∀R ∈ R_h, +b.c. on ∂D̂},

û_h =

N_h∑

i=1 u_iφ_i.

– p. 11/46

Discretization of FD formulation

V, M =⇒ V_h, M_H by mixed FEM {R_h}_{h→0+} be a family of uniform rectangulations of D̂. With any R_h we associate

V_h = {v̂_h ∈ C(D̂) | v̂_h|_R ∈ Q_1(R) ∀R ∈ R_h, +b.c. on ∂D̂},

û_h =

N_h∑

i=1 u_iφ_i.

– p. 11/46

Discretization of FD formulation

V, M =⇒ V_h, M_H by mixed FEM {R_h}_{h→0+} be a family of uniform rectangulations of D̂. With any R_h we associate

V_h = {v̂_h ∈ C(D̂) | v̂_h|_R ∈ Q_1(R) ∀R ∈ R_h, +b.c. on ∂D̂},

û_h =

N_h∑

i=1 u_iφ_i.

– p. 11/46

Discretization of FD formulation

V, M =⇒ V_h, M_H by mixed FEM {R_h}_{h→0+} be a family of uniform rectangulations of D̂. With any R_h we associate

V_h = {v̂_h ∈ C(D̂) | v̂_h|_R ∈ Q_1(R) ∀R ∈ R_h, +b.c. on ∂D̂},

û_h =

N_h∑

i=1 u_iφ_i.

– p. 11/46

Discretization of FD formulation

V, M =⇒ V_h, M_H by mixed FEM {R_H }_{H→0+} be a regular system of partitions of Γ . With any R_H :=^{NH} ⋃ r=1 Γ_r we associate M_H = {μ_H ∈ L^2(Γ ) | μ_H |_γ ∈ P_0(γ) ∀γ ∈ R_H },

μ_H =

N_H∑ r=1 μ_rχ_r.

– p. 12/46

Discretization of FD formulation

V, M =⇒ V_h, M_H by mixed FEM {R_H }_{H→0+} be a regular system of partitions of Γ . With any R_H :=^{NH} ⋃ r=1 Γ_r we associate M_H = {μ_H ∈ L^2(Γ ) | μ_H |_γ ∈ P_0(γ) ∀γ ∈ R_H },

μ_H =

N_H∑ r=1 μ_rχ_r.

– p. 12/46

Discretization of FD formulation

V, M =⇒ V_h, M_H by mixed FEM {R_H }_{H→0+} be a regular system of partitions of Γ . With any R_H :=^{NH} ⋃ r=1 Γ_r we associate M_H = {μ_H ∈ L^2(Γ ) | μ_H |_γ ∈ P_0(γ) ∀γ ∈ R_H },

μ_H =

N_H∑ r=1 μ_rχ_r.

– p. 12/46

The approximation of (^ P ) Find (û_h, λ_H ) ∈ V_h × M_H such that ∫ D̂ ∇û_h · ∇v̂_h dx+ ∫ Γ λ_Hv̂_h ds = ∫ D̂ fv̂_h dx

∀v̂_h ∈ V_h, ∫ Γ μ_Hû_h ds = 0 ∀μ_H ∈ M_H .

(^ P^H_h )

– p. 13/46

The convergence of solutions of (^ P^H_h ) to (^ P )

Ladyzhenskaja-Babuška-Brezzi condition:

sup_{v̂h∈Vh} ∫ Γ μ_Hv̂_h ds ‖v̂_h‖_{1,D̂} ≥ β‖μ^H ‖^{−1/2,Γ} ∀μ^H ∈ M^H , β > 0 independent of h and H. For triangulation: 3 ≤ H/h ≤ L, L > 0.

– p. 14/46

Theorem

Let the ratio H/h is sufficiently large and let (û, λ) be a solution to (^ P ) . Then there exists a unique solution (û_h, λ_H ) to (^ P^H_h ) and ‖û − û_h‖_{1,D̂} + ‖λ − λ_H ‖_{−1/2,Γ} = O(h^{1/2−ε} ), h → 0+,

holds for any ε > 0 provided that the restriction of û_h to D belongs to H^2(D).

– p. 15/46

The matrix formulation of (^ P^H_h ) ( A B^T B O ) ( u λ ) = ( f 0 ) , ( P )

A . . . the stiffness matrix, B . . . the matrix coupling the primal and dual variables, u, λ . . . the vectors of the nodal values of û_h and of the constant values of λ_H , f . . . the load vector.

– p. 16/46

The matrix formulation of (^ P^H_h ) ( A B^T B O ) ( u λ ) = ( f 0 ) , ( P )

A . . . the stiffness matrix, B . . . the matrix coupling the primal and dual variables, u, λ . . . the vectors of the nodal values of û_h and of the constant values of λ_H , f . . . the load vector.

– p. 16/46

Solving ( P ) Eliminate the vector u and solve

BA^{−1} B^T λ = BA^{−1} f

by a conjugate gradient method:

size (BA^{−1} B^T ) ≪ size (A);

the multiplication by A^{−1} : Choleski factorization with SYMAMD, multigrid approach, domain decomposition methods, Fourier and cyclic reduction methods;

efficient preconditioners based on orthonormalization of B or on the pseudoinverse to the Schur complement._{– p. 17/46}

Solving ( P ) Eliminate the vector u and solve

BA^{−1} B^T λ = BA^{−1} f

by a conjugate gradient method:

size (BA^{−1} B^T ) ≪ size (A);

the multiplication by A^{−1} : Choleski factorization with SYMAMD, multigrid approach, domain decomposition methods, Fourier and cyclic reduction methods;

efficient preconditioners based on orthonormalization of B or on the pseudoinverse to the Schur complement._{– p. 17/46}

Solving ( P ) Eliminate the vector u and solve

BA^{−1} B^T λ = BA^{−1} f

by a conjugate gradient method:

size (BA^{−1} B^T ) ≪ size (A);

the multiplication by A^{−1} : Choleski factorization with SYMAMD, multigrid approach, domain decomposition methods, Fourier and cyclic reduction methods;

efficient preconditioners based on orthonormalization of B or on the pseudoinverse to the Schur complement._{– p. 17/46}

Solving ( P ) Eliminate the vector u and solve

BA^{−1} B^T λ = BA^{−1} f

by a conjugate gradient method:

size (BA^{−1} B^T ) ≪ size (A);

the multiplication by A^{−1} : Choleski factorization with SYMAMD, multigrid approach, domain decomposition methods, Fourier and cyclic reduction methods;

efficient preconditioners based on orthonormalization of B or on the pseudoinverse to the Schur complement._{– p. 17/46}

Stochastic FD formulation

For any ω ∈ Ω, find û( · , ω) ∈ H^1_0 (D̂) and λ( · , ω) ∈ M(ω) := H^{−1/2} (Γ (ω)) such that, a. c. in Ω, ∫ D̂ ∇û( · , ω)·∇v dx+⟨λ( · , ω), τv⟩_{Γ (ω)} = ∫ D̂ fv dx, ∀v ∈ H^1_0 (D̂),

⟨μ, τû( · , ω)⟩_{Γ (ω)} = 0, ∀μ ∈ M(ω).

(^ P(ω) )

E[X] = ∫ Ω X(ω) dP(ω) . . . the expected value of a random variable X.

– p. 18/46

Stochastic FD formulation

For any ω ∈ Ω, find û( · , ω) ∈ H^1_0 (D̂) and λ( · , ω) ∈ M(ω) := H^{−1/2} (Γ (ω)) such that, a. c. in Ω, ∫ D̂ ∇û( · , ω)·∇v dx+⟨λ( · , ω), τv⟩_{Γ (ω)} = ∫ D̂ fv dx, ∀v ∈ H^1_0 (D̂),

⟨μ, τû( · , ω)⟩_{Γ (ω)} = 0, ∀μ ∈ M(ω).

(^ P(ω) )

E[X] = ∫ Ω X(ω) dP(ω) . . . the expected value of a random variable X.

– p. 18/46

Stochastic FD formulation

For any ω ∈ Ω, find û( · , ω) ∈ H^1_0 (D̂) and λ( · , ω) ∈ M(ω) := H^{−1/2} (Γ (ω)) such that, a. c. in Ω, ∫ D̂ ∇û( · , ω)·∇v dx+⟨λ( · , ω), τv⟩_{Γ (ω)} = ∫ D̂ fv dx, ∀v ∈ H^1_0 (D̂),

⟨μ, τû( · , ω)⟩_{Γ (ω)} = 0, ∀μ ∈ M(ω).

(^ P(ω) )

E[X] = ∫ Ω X(ω) dP(ω) . . . the expected value of a random variable X.

– p. 18/46

Stochastic FD formulation

L^2(Ω, dP; H^1_0 (D̂)) and L^2(Ω, dP; H^{−1/2} (Γ_0)) the spaces of random variables with finite second order moments.

Find û ∈ L^2(Ω, dP; H^1_0 (D̂)) and λ ∈ L^2(Ω, dP; H^{−1/2} (Γ ( · )) s.t. E [∫ D̂ ∇û · ∇v dx ] + E [ ⟨λ, τv⟩_{Γ ( · )} ] = E [∫ D̂ fv dx ] , ∀v ∈ L^2(Ω, dP; H^1_0 (D̂)), E [ ⟨μ, τû⟩_{Γ ( · )} ] = 0, ∀μ ∈ L^2(Ω, dP; H^{−1/2} (Γ ( · )).

(^ P^S )

– p. 19/46

Stochastic FD formulation

L^2(Ω, dP; H^1_0 (D̂)) and L^2(Ω, dP; H^{−1/2} (Γ_0)) the spaces of random variables with finite second order moments.

Find û ∈ L^2(Ω, dP; H^1_0 (D̂)) and λ ∈ L^2(Ω, dP; H^{−1/2} (Γ ( · )) s.t. E [∫ D̂ ∇û · ∇v dx ] + E [ ⟨λ, τv⟩_{Γ ( · )} ] = E [∫ D̂ fv dx ] , ∀v ∈ L^2(Ω, dP; H^1_0 (D̂)), E [ ⟨μ, τû⟩_{Γ ( · )} ] = 0, ∀μ ∈ L^2(Ω, dP; H^{−1/2} (Γ ( · )).

(^ P^S )

– p. 19/46

Stochastic FD formulation

L^2(Ω, dP; H^1_0 (D̂)) and L^2(Ω, dP; H^{−1/2} (Γ_0)) the spaces of random variables with finite second order moments.

Find û ∈ L^2(Ω, dP; H^1_0 (D̂)) and λ ∈ L^2(Ω, dP; H^{−1/2} (Γ ( · )) s.t. E [∫ D̂ ∇û · ∇v dx ] + E [ ⟨λ, τv⟩_{Γ ( · )} ] = E [∫ D̂ fv dx ] , ∀v ∈ L^2(Ω, dP; H^1_0 (D̂)), E [ ⟨μ, τû⟩_{Γ ( · )} ] = 0, ∀μ ∈ L^2(Ω, dP; H^{−1/2} (Γ ( · )).

(^ P^S )

– p. 19/46

Stochastic FD formulation

y ∈ I . . . random variable with a probabilistic density function ρ(y) on I corresponding to dP ;

every y is associated with an event ω; D(y) := D(ω), γ(y) := Γ (ω); L^2_ρ(I; H^1_0 (D̂)) := L^2(Ω, dP ; H^1_0 (D̂)); L^2_ρ(I; H^{−1/2} (γ(y))) := L^2(Ω, dP ; H^{−1/2} (Γ (ω))).

Find (û, λ) ∈ L^2_ρ(I; H^1_0 (D̂)) × L^2_ρ(I; H^{−1/2} (γ(y))) s.t. E [∫ D̂ ∇û · ∇v dx ] + E [ ⟨λ, τv⟩_{γ(y)} ] = E [∫ D̂ fv dx ]

∀v ∈ L^2_ρ(I; H^1_0 (D̂)), E [ ⟨τû, μ⟩_{γ(y)} ] = 0 ∀μ ∈ L^2_ρ(I; H^{−1/2} (γ(y))).

[ P ]

– p. 20/46

Stochastic FD formulation

y ∈ I . . . random variable with a probabilistic density function ρ(y) on I corresponding to dP ;

every y is associated with an event ω; D(y) := D(ω), γ(y) := Γ (ω); L^2_ρ(I; H^1_0 (D̂)) := L^2(Ω, dP ; H^1_0 (D̂)); L^2_ρ(I; H^{−1/2} (γ(y))) := L^2(Ω, dP ; H^{−1/2} (Γ (ω))).

Find (û, λ) ∈ L^2_ρ(I; H^1_0 (D̂)) × L^2_ρ(I; H^{−1/2} (γ(y))) s.t. E [∫ D̂ ∇û · ∇v dx ] + E [ ⟨λ, τv⟩_{γ(y)} ] = E [∫ D̂ fv dx ]

∀v ∈ L^2_ρ(I; H^1_0 (D̂)), E [ ⟨τû, μ⟩_{γ(y)} ] = 0 ∀μ ∈ L^2_ρ(I; H^{−1/2} (γ(y))).

[ P ]

– p. 20/46

Stochastic FD formulation

y ∈ I . . . random variable with a probabilistic density function ρ(y) on I corresponding to dP ;

every y is associated with an event ω; D(y) := D(ω), γ(y) := Γ (ω); L^2_ρ(I; H^1_0 (D̂)) := L^2(Ω, dP ; H^1_0 (D̂)); L^2_ρ(I; H^{−1/2} (γ(y))) := L^2(Ω, dP ; H^{−1/2} (Γ (ω))).

Find (û, λ) ∈ L^2_ρ(I; H^1_0 (D̂)) × L^2_ρ(I; H^{−1/2} (γ(y))) s.t. E [∫ D̂ ∇û · ∇v dx ] + E [ ⟨λ, τv⟩_{γ(y)} ] = E [∫ D̂ fv dx ]

∀v ∈ L^2_ρ(I; H^1_0 (D̂)), E [ ⟨τû, μ⟩_{γ(y)} ] = 0 ∀μ ∈ L^2_ρ(I; H^{−1/2} (γ(y))).

[ P ]

– p. 20/46

Polynomial chaos basics

Polynomial chaos

{ψ_k(y)}^∞_{k=0} . . . the complete system of orthonormal polynomial basis functions (Hermite, Legendre, Laguere etc.) with respect to ρ(y), ∫ I ψ_k(y)ψ_l(y)ρ(y) dy = δ_{kl} ∀k, l = 0, . . . , ∞.

F (x, y) = ∞∑ k=0 F_k(x)ψ_k(y) ≃

N_{pc}∑

k=0 F_k(x)ψ_k(y) = F^{Npc} (x, y),

– p. 21/46

Polynomial chaos basics

Polynomial chaos

{ψ_k(y)}^∞_{k=0} . . . the complete system of orthonormal polynomial basis functions (Hermite, Legendre, Laguere etc.) with respect to ρ(y), ∫ I ψ_k(y)ψ_l(y)ρ(y) dy = δ_{kl} ∀k, l = 0, . . . , ∞.

F (x, y) = ∞∑ k=0 F_k(x)ψ_k(y) ≃

N_{pc}∑

k=0 F_k(x)ψ_k(y) = F^{Npc} (x, y),

– p. 21/46

Polynomial chaos basics

Polynomial chaos

{ψ_k(y)}^∞_{k=0} . . . the complete system of orthonormal polynomial basis functions (Hermite, Legendre, Laguere etc.) with respect to ρ(y), ∫ I ψ_k(y)ψ_l(y)ρ(y) dy = δ_{kl} ∀k, l = 0, . . . , ∞.

F (x, y) = ∞∑ k=0 F_k(x)ψ_k(y) ≃

N_{pc}∑

k=0 F_k(x)ψ_k(y) = F^{Npc} (x, y),

– p. 21/46

Polynomial chaos basics

F (x, y) = ∞∑ k=0 F_k(x)ψ_k(y) ≃

N_{pc}∑

k=0 F_k(x)ψ_k(y) = F^{Npc} (x, y),

F_k(x) = ∫ I F (x, y)ψ_k(y)ρ(y) dy . . . the deterministic part,

the amplitude of the k^{th} fluctuation, ψ_k(y) . . . the random basis function corresponding to the k^{th} mode.

Mean value and variance F_{mean}(x) := F_0(x), F_{var}(x) := ∞∑ k=1 F^2_k (x)

– p. 22/46

Polynomial chaos basics

F (x, y) = ∞∑ k=0 F_k(x)ψ_k(y) ≃

N_{pc}∑

k=0 F_k(x)ψ_k(y) = F^{Npc} (x, y),

F_k(x) = ∫ I F (x, y)ψ_k(y)ρ(y) dy . . . the deterministic part,

the amplitude of the k^{th} fluctuation, ψ_k(y) . . . the random basis function corresponding to the k^{th} mode.

Mean value and variance F_{mean}(x) := F_0(x), F_{var}(x) := ∞∑ k=1 F^2_k (x)

– p. 22/46

Polynomial chaos basics

F (x, y) = ∞∑ k=0 F_k(x)ψ_k(y) ≃

N_{pc}∑

k=0 F_k(x)ψ_k(y) = F^{Npc} (x, y),

F_k(x) = ∫ I F (x, y)ψ_k(y)ρ(y) dy . . . the deterministic part,

the amplitude of the k^{th} fluctuation, ψ_k(y) . . . the random basis function corresponding to the k^{th} mode.

Mean value and variance F_{mean}(x) := F_0(x), F_{var}(x) := ∞∑ k=1 F^2_k (x)

– p. 22/46

Polynomial chaos basics

N_{pc} + 1 =^{(n+m)!}_{n!m!} . . . the used number of basis functions, n . . . the order of the polynomial chaos, m . . . the number of random dimensions. The discrete random space

F^{Npc} (x, y) ∈ P_{Npc} (I; H), span {ψ_k(y)}^{Npc}_{k=0}

– p. 23/46

Polynomial chaos basics

N_{pc} + 1 =^{(n+m)!}_{n!m!} . . . the used number of basis functions, n . . . the order of the polynomial chaos, m . . . the number of random dimensions. The discrete random space

F^{Npc} (x, y) ∈ P_{Npc} (I; H), span {ψ_k(y)}^{Npc}_{k=0}

– p. 23/46

Polynomial chaos basics

N_{pc} + 1 =^{(n+m)!}_{n!m!} . . . the used number of basis functions, n . . . the order of the polynomial chaos, m . . . the number of random dimensions. The discrete random space

F^{Npc} (x, y) ∈ P_{Npc} (I; H), span {ψ_k(y)}^{Npc}_{k=0}

– p. 23/46

Discretization of the stochastic space

Next step Transforming the stochastic problem into a purely deterministic one. This will be accomplished by expanding the random variables into polynomial chaos.

û(x, y) ≃ û^{Npc} (x, y) =

N_{pc}∑

k=0 û_k(x)ψ_k(y).

λ(s, y) ≃ λ^{Npc} (s, y) =

N_{pc}∑

k=0 λ_k(s)ψ_k(y).

– p. 24/46

Discretization of the stochastic space

Next step Transforming the stochastic problem into a purely deterministic one. This will be accomplished by expanding the random variables into polynomial chaos.

û(x, y) ≃ û^{Npc} (x, y) =

N_{pc}∑

k=0 û_k(x)ψ_k(y).

λ(s, y) ≃ λ^{Npc} (s, y) =

N_{pc}∑

k=0 λ_k(s)ψ_k(y).

– p. 24/46

Discretization of the stochastic space

Find (û, λ) ∈ L^2_ρ(I; H^1_0 (D̂)) × L^2_ρ(I; H^{−1/2} (γ(y))) s.t. E [∫ D̂ ∇û · ∇v dx ] + E [ ⟨λ, τv⟩_{γ(y)} ] = E [∫ D̂ fv dx ]

∀v ∈ L^2_ρ(I; H^1_0 (D̂)), E [ ⟨τû, μ⟩_{γ(y)} ] = 0 ∀μ ∈ L^2_ρ(I; H^{−1/2} (γ(y))).

[ P ]

Substitute the expansions û^{Npc} and λ^{Npc} to [ P ] , choose successively for l = 0, . . . , N_{pc} the test functions v, μ:

v(x, y) = v(x)ψ_l(y), v ∈ H^1_0 (D̂),

μ(s, y) = μ(s)ψ_l(y), μ ∈ H^{−1/2} (γ(y)).

– p. 25/46

Discretization of the stochastic space

Find (û, λ) ∈ L^2_ρ(I; H^1_0 (D̂)) × L^2_ρ(I; H^{−1/2} (γ(y))) s.t. E [∫ D̂ ∇û · ∇v dx ] + E [ ⟨λ, τv⟩_{γ(y)} ] = E [∫ D̂ fv dx ]

∀v ∈ L^2_ρ(I; H^1_0 (D̂)), E [ ⟨τû, μ⟩_{γ(y)} ] = 0 ∀μ ∈ L^2_ρ(I; H^{−1/2} (γ(y))).

[ P ]

Substitute the expansions û^{Npc} and λ^{Npc} to [ P ] , choose successively for l = 0, . . . , N_{pc} the test functions v, μ:

v(x, y) = v(x)ψ_l(y), v ∈ H^1_0 (D̂),

μ(s, y) = μ(s)ψ_l(y), μ ∈ H^{−1/2} (γ(y)).

– p. 25/46

Discretization of the stochastic space (ψ_0(y) = 1)

E [∫ D̂ ∇û^{Npc} · ∇v dx ] = N_{pc}∑

k=0 ∫ D̂ ∇u_k · ∇v dx ∫ I ψ_k(y)ψ_l(y)ρ(y) dy = ∫ D̂ ∇u_l · ∇v dx,

E [∫ D̂ fv dx ] = ∫ D̂ fv dx ∫ I 1ψ_l(y)ρ(y) dy = δ_{0 l} ∫ D̂ fv dx,

E [ ⟨û^{Npc} , μ⟩_{γ(y)} ] = N_{pc}∑

k=0 ∫ I ⟨τu_k, μ⟩_{γ(y)}ψ_k(y)ψ_l(y)ρ(y) dy.

– p. 26/46

Discretization of the stochastic space (ψ_0(y) = 1)

E [∫ D̂ ∇û^{Npc} · ∇v dx ] = N_{pc}∑

k=0 ∫ D̂ ∇u_k · ∇v dx ∫ I ψ_k(y)ψ_l(y)ρ(y) dy = ∫ D̂ ∇u_l · ∇v dx,

E [∫ D̂ fv dx ] = ∫ D̂ fv dx ∫ I 1ψ_l(y)ρ(y) dy = δ_{0 l} ∫ D̂ fv dx,

E [ ⟨û^{Npc} , μ⟩_{γ(y)} ] = N_{pc}∑

k=0 ∫ I ⟨τu_k, μ⟩_{γ(y)}ψ_k(y)ψ_l(y)ρ(y) dy.

– p. 26/46

Discretization of the stochastic space (ψ_0(y) = 1)

E [∫ D̂ ∇û^{Npc} · ∇v dx ] = N_{pc}∑

k=0 ∫ D̂ ∇u_k · ∇v dx ∫ I ψ_k(y)ψ_l(y)ρ(y) dy = ∫ D̂ ∇u_l · ∇v dx,

E [∫ D̂ fv dx ] = ∫ D̂ fv dx ∫ I 1ψ_l(y)ρ(y) dy = δ_{0 l} ∫ D̂ fv dx,

E [ ⟨û^{Npc} , μ⟩_{γ(y)} ] = N_{pc}∑

k=0 ∫ I ⟨τu_k, μ⟩_{γ(y)}ψ_k(y)ψ_l(y)ρ(y) dy.

– p. 26/46

The approximation to [ P ] Problem [ P^N ]

Find (û^{Npc} , λ^{Npc} ) ∈ P_{Npc} (I; H^1_0 (D̂)) × P_{Npc} (I; H^{−1/2} (γ(y))) s.t. ∫ D̂ ∇u_l · ∇v dx +

N_{pc}∑

k=0 ∫ I ⟨λ_k, τv⟩_{γ(y)}ψ_k(y)ψ_l(y)ρ(y) dy

= δ_{0 l} ∫ D̂ fv dx ∀v ∈ H^1_0 (D̂), l = 0, . . . , N_{pc},

N_{pc}∑

k=0 ∫ I ⟨τu_k, μ⟩_{γ(y)}ψ_k(y)ψ_l(y)ρ(y) dy = 0

∀μ ∈ H^{−1/2} (γ(y)), l = 0, . . . , N_{pc}.

– p. 27/46

The matrix formulation of [ P^N_{h,H} ] Ã B̃T B̃ Õ ũ λ̃ = f̃ ~0 , (~ P )

Ã =

A O · · · O O A · · · O · · · · · · · · · · · · O O · · · A

, B̃ =

B_{00} B_{01} · · · B_{0Npc} B_{10} B_{11} · · · B_{1Npc} · · · · · · · · · · · · B_{Npc0} B_{Npc1} · · · B_{NpcNpc} ,

– p. 28/46

The matrix formulation of [ P^N_{h,H} ] Ã B̃T B̃ Õ ũ λ̃ = f̃ ~0 , (~ P )

Ã =

A O · · · O O A · · · O · · · · · · · · · · · · O O · · · A

, B̃ =

B_{00} B_{01} · · · B_{0Npc} B_{10} B_{11} · · · B_{1Npc} · · · · · · · · · · · · B_{Npc0} B_{Npc1} · · · B_{NpcNpc} ,

– p. 28/46

The matrix formulation of [ P^N_{h,H} ]

ũ = u_0 u_1 · · · u_{Npc}

, λ̃ = λ_0 λ_1 · · · λ_{Npc}

, f̃ = f 0 · · · 0 .

Computing the elements of A, f and B̃ a_{ij} = ∫ Ω ∇φ_i · ∇φ_j dx, f_j = ∫ Ω fφ_j dx, i, j = 1, . . . , N_h,

B̃ = [B_{kl}]_{rj} = ∫ I [ ∫ γ_r(y)

φ_j ds ] ψ_k(y)ψ_l(y)ρ(y) dy, r = 1, . . . , N_H .

– p. 29/46

The matrix formulation of [ P^N_{h,H} ]

ũ = u_0 u_1 · · · u_{Npc}

, λ̃ = λ_0 λ_1 · · · λ_{Npc}

, f̃ = f 0 · · · 0 .

Computing the elements of A, f and B̃ a_{ij} = ∫ Ω ∇φ_i · ∇φ_j dx, f_j = ∫ Ω fφ_j dx, i, j = 1, . . . , N_h,

B̃ = [B_{kl}]_{rj} = ∫ I [ ∫ γ_r(y)

φ_j ds ] ψ_k(y)ψ_l(y)ρ(y) dy, r = 1, . . . , N_H .

– p. 29/46

The matrix formulation of [ P^N_{h,H} ]

ũ = u_0 u_1 · · · u_{Npc}

, λ̃ = λ_0 λ_1 · · · λ_{Npc}

, f̃ = f 0 · · · 0 .

Computing the elements of A, f and B̃ a_{ij} = ∫ Ω ∇φ_i · ∇φ_j dx, f_j = ∫ Ω fφ_j dx, i, j = 1, . . . , N_h,

B̃ = [B_{kl}]_{rj} = ∫ I [ ∫ γ_r(y)

φ_j ds ] ψ_k(y)ψ_l(y)ρ(y) dy, r = 1, . . . , N_H .

– p. 29/46

Remarks ∫ I F (y)ρ(y) dy ∼

∑_{Ngp} p=1 F (y_p)w_p,

the information on the geometry of D(y) is encoded again only in B̃ but not in Ã and f̃,

the same methods to realize (~ P ) , cond (Ã) does not depend on m and n,

the multiplication by B̃, B̃^T and Ã^{−1} can be done in parallel.

– p. 30/46

Remarks ∫ I F (y)ρ(y) dy ∼

∑_{Ngp} p=1 F (y_p)w_p,

the information on the geometry of D(y) is encoded again only in B̃ but not in Ã and f̃,

the same methods to realize (~ P ) , cond (Ã) does not depend on m and n,

the multiplication by B̃, B̃^T and Ã^{−1} can be done in parallel.

– p. 30/46

Remarks ∫ I F (y)ρ(y) dy ∼

∑_{Ngp} p=1 F (y_p)w_p,

the information on the geometry of D(y) is encoded again only in B̃ but not in Ã and f̃,

the same methods to realize (~ P ) , cond (Ã) does not depend on m and n,

the multiplication by B̃, B̃^T and Ã^{−1} can be done in parallel.

– p. 30/46

Remarks ∫ I F (y)ρ(y) dy ∼

∑_{Ngp} p=1 F (y_p)w_p,

the information on the geometry of D(y) is encoded again only in B̃ but not in Ã and f̃,

the same methods to realize (~ P ) , cond (Ã) does not depend on m and n,

the multiplication by B̃, B̃^T and Ã^{−1} can be done in parallel.

– p. 30/46

Remarks ∫ I F (y)ρ(y) dy ∼

∑_{Ngp} p=1 F (y_p)w_p,

the information on the geometry of D(y) is encoded again only in B̃ but not in Ã and f̃,

the same methods to realize (~ P ) , cond (Ã) does not depend on m and n,

the multiplication by B̃, B̃^T and Ã^{−1} can be done in parallel.

– p. 30/46

Example 1

D̂ := (0, 1) × (0, 1) . . . the fictitious domain,

D(y) ⊂ D̂ . . . the circle

D(y) := { (x_1, x_2) ∈ R^2 | (x_1 − 1 2 )^2 + (x_2 − 1 2 )^2 < y^2 } ,

x = (x_1, x_2) is the deterministic variable,

the radius y ∈ I is the stochastic variable with the normal distribution ρ(y) on I.

– p. 31/46

Example 1

D̂ := (0, 1) × (0, 1) . . . the fictitious domain,

D(y) ⊂ D̂ . . . the circle

D(y) := { (x_1, x_2) ∈ R^2 | (x_1 − 1 2 )^2 + (x_2 − 1 2 )^2 < y^2 } ,

x = (x_1, x_2) is the deterministic variable,

the radius y ∈ I is the stochastic variable with the normal distribution ρ(y) on I.

– p. 31/46

Example 1

D̂ := (0, 1) × (0, 1) . . . the fictitious domain,

D(y) ⊂ D̂ . . . the circle

D(y) := { (x_1, x_2) ∈ R^2 | (x_1 − 1 2 )^2 + (x_2 − 1 2 )^2 < y^2 } , x = (x_1, x_2) is the deterministic variable,

the radius y ∈ I is the stochastic variable with the normal distribution ρ(y) on I.

– p. 31/46

Example 1 { −△u(x, y) = f(x) in D(y), u(x, y) = 0 on γ(y), ( P(y) )

f = −△u_{ex} and u_{ex}(x, y) = y^2 − (x_1 − 1 2 )^2 − (x_2 − 1 2 )^2.

– p. 32/46

Example 1 { −△u(x, y) = f(x) in D(y), u(x, y) = 0 on γ(y), ( P(y) )

f = −△u_{ex} and u_{ex}(x, y) = y^2 − (x_1 − 1 2 )^2 − (x_2 − 1 2 )^2.

– p. 32/46

Geometry of D(y) and density function ρ(y)

PSfrag replacements

– p. 33/46

Right hand side f and exact solution u_{ex}(x, y)

– p. 34/46

Mean solution and its variance

– p. 35/46

Relative errors with respect to n

δ^{mean}_{L2(D̃)} =

‖u − u_{ex}‖_L2_(~_{D)} ‖u_{ex}‖_L2_(~_{D)}

, δ^{mean}_{L∞(D̃)} =

‖u − u_{ex}‖_L∞_(~_{D)} ‖u_{ex}‖_L∞_(~_{D)}

δ^{var}_{L2(D̃)} =

‖σ^2_u − σ^2_{uex} ‖_L2_(~_{D)} ‖σ^2_{uex} ‖_L2_(~_{D)}

, δ^{var}_{L∞(D̃)} =

‖σ^2_u − σ^2_{uex} ‖_L∞_(~_{D)} ‖σ^2_{uex} ‖_L∞_(~_{D)}

– p. 36/46

Relative errors behavior (comparison)

Polynomial Chaos Monte Carlo

– p. 37/46

Example 2

D̂ := (0, 1) × (0, 1) . . . the fictitious domain,

−△u(x, y) = 60 in D(y), u(x, y) = g on γ(y), ( P(y) )

g(φ) = { 0, φ ∈< −π, 0 >, 1 − cos(2φ), φ ∈ (0, π).

– p. 38/46

Example 2

D̂ := (0, 1) × (0, 1) . . . the fictitious domain,

−△u(x, y) = 60 in D(y), u(x, y) = g on γ(y), ( P(y) )

g(φ) = { 0, φ ∈< −π, 0 >, 1 − cos(2φ), φ ∈ (0, π).

– p. 38/46

Example 2

D̂ := (0, 1) × (0, 1) . . . the fictitious domain,

−△u(x, y) = 60 in D(y), u(x, y) = g on γ(y), ( P(y) )

g(φ) = { 0, φ ∈< −π, 0 >, 1 − cos(2φ), φ ∈ (0, π).

– p. 38/46

Geometry of D(y) and density function ρ(y)

PSfrag replacements

– p. 39/46

Minimum and maximum values of the solution

Minimum values Maximum values

– p. 40/46

Minimum and maximum values of the solution

Mean solution Standard deviation

– p. 41/46

Other statistics

Histogram of the solution in the center Probability function P_{u>1.8}

– p. 42/46

Standard deviation of the solution (comparison)

PC order = 2 ∼ 6 realizations 10 MC realizations

– p. 43/46

Standard deviation of the solution (comparison)

PC order = 2 ∼ 6 realizations 100 MC realizations

– p. 44/46

Standard deviation of the solution (comparison)

PC order = 2 ∼ 6 realizations 1000 MC realizations

– p. 45/46

More details

1. T. Kozubek and C. Canuto: Fictitious domain approach for the numerical realization of PDEs with stochastic data and geometry, will be sent to Numerische Mathematik.

– p. 46/46