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Formulation: Non-symmetric sadle-point system

(
A B>

1
B2 0

) (
u
λ

)
=

(
f
g

)
Assumptions

A . . . non-symmetric(n× n)–matrix
. . . singularwith p = dim KerA as Vh ≈ H1

per(Ω)
. . . actions ofA† can be computed by Poisson-like solver based on FFT

B1, B2 . . . full rank (m× n)–matrices,m � n
. . . sparse, their actions are cheap
. . . B1 6= B2 as Γ 6= γ or as mixed boudary condions are prescribed

Algorithmsbased on Schur complement reductions

Case 1: symmetric non-singular
Case 2: non-symmetric non-singular
Case 3: symmetric singular
Case 4: non-symmetric singular
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Case 1: symmetric non-singular(positive definiteA)

(
A B>

B 0

) (
u

λ

)
=

(
f

g

)
=⇒ u = A−1(f − B>λ)

=⇒ BA−1B>λ = BA−1f − g

Algorithm

Step 1: Assembled := BA−1f − g.

Step 2: Solve−Sλ = d by the CGM withS := −BA−1B>.

Step 3: Assembleu = A−1(f − B>λ).

Matrix-vector products−Sµ are computed by:

−Sµ :=
(
B

(
A−1

(
B>µ

)))
Algorithm requiresO((m + 2)nA†) flops in the worst case.
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Case 2: non-symmetric non-singular

(
A B>

1

B2 0

) (
u

λ

)
=

(
f

g

)
=⇒ u = A−1(f − B>

1 λ)

=⇒ B2A
−1B>

1 λ = B2A
−1f − g

Algorithm is analogous.

• the Schur complementS := −B2A
−1B>

1 is non-symmetric

• a Krylov method for non-symmetric matrices is required
(GMRES, BiCG, ...)

A :=

(
A B>

1

B2 0

)
=

(
I 0

B2A
−1 I

) (
A B>

1

0 S

)

Theorem.Let A be non-singular. ThenA is invertibleiff S is invertible.
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Case 3: symmetric singular(positive semidefiniteA, FETI)

• a generalized inverseA† satisfyingA = AA †A

• an(n× p)–matrixN whose columns spanKerA

Au + B>λ = f ⇐⇒ f − B>λ ∈ ImA⊥KerA

m m

u = A†(f − B>λ) + Nα N>(f − B>λ) = 0

& Reduced system:

Bu = g

(
BA†B> −BN

−N>B> 0

)(
λ

α

)
=

(
BA†f − g

−N>f

)
⇓ an orthogonal projector + the projected CG

BA†B>λ− BNα = BA†f − g
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Case 4: non-symmetric and singular

• a generalized inverseA† satisfyingA = AA †A

• an(n×p)–matricesN, M whose columns spanKerA, KerA>, respectively

Au + B>
1 λ = f ⇐⇒ f − B>

1 λ ∈ ImA⊥KerA>

m m

u = A†(f − B>
1 λ) + Nα M>(f − B>

1 λ) = 0

& Reduced system:

B2u = g

(
B2A

†B>
1 −B2N

−M>B>
1 0

)(
λ

α

)
=

(
B2A

†f − g

−M>f

)
⇓ two orthogonal projectors + the projected BiCG

B2A
†B>

1 λ− B2Nα = B2A
†f − g
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Theorem 1.The saddle-point matrixA :=

(
A B>

1

B2 0

)
is invertibleiff

B1, B2 have full ranks

KerA ∩ Ker B2 = {0}

A Ker B2 ∩ Im B>
1 = {0}

 (NSC)

The generalized Schur complement:

S :=

( −B2A
†B>

1 B2N

M>B>
1 0

)

Theorem 2.The following three statements are equivalent:

• The necessary and sufficient condition (NSC) holds.

• A is invertible.

• S is invertible.
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New notation in the reduced system:
F = B2A†B>1 , G1 = −N>B>2 , G2 = −M>B>1 , d = B2A†f − g, e = −M>f(

F G>
1

G2 0

) (
λ
α

)
=

(
d
e

)
Two orthogonal projectors:P1 : Rm 7→ KerG1, P1 = I − G>

1 (G1G
>
1 )−1G1

P2 : Rm 7→ KerG2, P2 = I − G>
2 (G2G

>
2 )−1G2

• P1 splits the saddle-point structure of the system:

P1Fλ = P1d, G2λ = e

• P2 decomposesλ = λIm + λKer , λIm∈ ImG>
2 , λKer ∈KerG2.

At first: λIm = G>
2 (G2G

>
2 )−1e

At second: P1FλKer = P1(d− FλIm) on Ker G2
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Theorem 3. The linear operatorP1F : Ker G2 7→ Ker G1 is invertible.

Proof.

As both null-spacesKer G1 andKer G2 have the same dimension, it is enough
to prove thatP1F is injective.
Let µ ∈ Ker G2 be such thatP1Fµ = 0. ThenFµ ∈ Ker P1 = Im G>

1 and,
therefore, there isβ ∈ Rl so that

Fµ = G>
1 β and G2µ = 0.

Lettingy = (µ>,−β>)>, we get−Sy = 0 implying µ = 0 asS is invertible.
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Algorithm PSCM

Step 1.a: AssembleG1 := −N>B>
2 , G2 := −M>B>

1 .

Step 1.b: Assembled := B2A
†f − g, e := −M>f.

Step 1.c: AssembleH1 := (G1G
>
1 )−1, H2 := (G2G

>
2 )−1.

Step 1.d: AssembleλIm := G>
2 H2e, d̃ := P1(d− FλIm).

Step 1.e: Solve P1FλKer = d̃ on Ker G2.

Step 1.f: Assembleλ := λIm + λKer .

Step 2: Assembleα := H1(d− Fλ).

Step 3: Assembleu = A†(f − B>
1 λ) + Nα.

An iterative projected Krylov subspace method for non-symmetric operators
can be used in Step 1.e.

Matrix-vector productsFµ andPkµ, k = 1, 2 are computed by:

Fµ :=
(
B2

(
A† (B>

1 µ
)))

, Pkµ := µ−
(
G>

k (Hk (Gkµ))
)
.
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Fλ = d on Rm

Algorithm BiCGSTAB[ε, λ0, F, d ] → λ

Initialize: r 0 := d− Fλ0, p0 := r 0, r̃ 0 arbitrary,k := 0

While ‖r k‖ > ε

1◦ p̃k := Fpk

2◦ αk := (r k)>r̃ 0/(p̃k)>r̃ 0

3◦ sk := r k − αkp̃k

4◦ s̃k := Fsk

5◦ ωk := (s̃k)>sk/(s̃k)>s̃k

6◦ λk+1 := λk + αkpk + ωksk

7◦ r k+1 := sk − ωks̃k

8◦ βk+1 := (αk/ωk)(r k+1)>r̃ 0/(r k)>r̃ 0

9◦ pk+1 := r k+1 + βk+1(pk − ωkp̃k)

10◦ k := k + 1

end



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

P1Fλ = d̃ on Ker G2

Algorithm ProjBiCGSTAB[ε, λ0, F, P1, P2, d̃ ] → λ

Initialize: λ0 ∈ Ker G2, r 0 := d̃− P1Fλ0, p0 := r 0, r̃ 0 arbitrary,k := 0

While ‖r k‖ > ε

1◦ p̃k := P1Fpk

2◦ αk := (r k)>r̃ 0/(p̃k)>r̃ 0

3◦ sk := r k − αkp̃k

4◦ s̃k := P1Fsk

5◦ ωk := (s̃k)>sk/(s̃k)>s̃k

6◦ λk+1 := λk + αkP2pk + ωkP2sk

7◦ r k+1 := sk − ωks̃k

8◦ βk+1 := (αk/ωk)(r k+1)>r̃ 0/(r k)>r̃ 0

9◦ pk+1 := r k+1 + βk+1(pk − ωkp̃k)

10◦ k := k + 1

end
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P1Fλ = d̃ on Ker G2

Algorithm ProjBiCGSTAB[ε, λ0, F, P1, P2, d̃ ] → λ

Initialize: λ0 ∈ Ker G2, r 0 := P2(d̃− P1Fλ0), p0 := r 0, r̃ 0, k := 0

While ‖r k‖ > ε

1◦ p̃k := P2P1Fpk

2◦ αk := (r k)>r̃ 0/(p̃k)>r̃ 0

3◦ sk := r k − αkp̃k

4◦ s̃k := P2P1Fsk

5◦ ωk := (s̃k)>sk/(s̃k)>s̃k

6◦ λk+1 := λk + αkpk + ωksk

7◦ r k+1 := sk − ωks̃k

8◦ βk+1 := (αk/ωk)(r k+1)>r̃ 0/(r k)>r̃ 0

9◦ pk+1 := r k+1 + βk+1(pk − ωkp̃k)

10◦ k := k + 1

end
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Consider a family of nested partitions of the fictitious domainΩ with stepsizes:

hj, 0 ≤ j ≤ J

• the first iterate is determined by the result from the nearest lower level

• the terminating toleranceε on each level isε := νhp
j

Algorithm: Hierarchical Multigrid Scheme

Initialize: Letλ0,(0)
Ker ∈ Ker (G(0)

2 ) be given.

ProjBiCGSTAB[νhp
0, λ

0,(0)
Ker , F(0), P(0)

1 , P(0)
2 , d̃

(0)
] → λKer(0).

For j = 1, . . . , J,

1◦ prolongateλ(j−1)
Ker → λ̃

0,(j)
Ker

2◦ projectλ̃0,(j)
Ker → λ

0,(j)
Ker := P(j)

2 λ̃
0,(j)
Ker

3◦ ProjBiCGSTAB[νhp
j , λ

0,(j)
Ker , F(j), P(j)

1 , P(j)
2 , d̃

(j)
] → λ

(j)
Ker

end

Return:λKer := λ
(J)
Ker .
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Circulant matrices and Fourier transform

A =


a1 an . . . a2
a2 a1 . . . a3
a3 a2 . . . a4
... ... . . . ...

an an−1 . . . a1

 =
(
a, Ta, T2a, · · · , Tn−1a

)

T̂kf (ω) =

∫
R

f (x− k)e−ixω dx = e−ikωf̂ (ω)

XA = (Dx0, Dx1, Dx2, · · · , Dxn−1) = DX

Let A be circulant. Then
A = X−1DX,

whereX is the DFT matrix andD = diag(â), â = Xa, a = A(:, 1).
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Multiplying procedure: A†v = X−1
(
D† (Xv)

)
. . . Moore-Penrose

0◦ d := fft(a)

1◦ v := fft(v)

2◦ v := v. ∗ d−1

3◦ A†v := ifft(v)

O(2n log2 n)

Multiplying procedures: Nα, N>v and Mα, M>v

I − DD† = diag(1, 1, 1, 0, . . . , 0) =⇒ X−1 = (N, Y)

Therefore we can define the operation:ind(α) =

(
α
0

)
∈ Rn

1◦ vα := ind(α) 1◦ v := ifft(v)

2◦ Nα := ifft(vα) 2◦ N>v := ind−1(v)

}
O(n log2 n)
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Kronecker product of matrices: Ax ∈ Rnx×nx, Ay ∈ Rny×ny

Ax ⊗ Ay =

 ay
11Ax . . . ay

1ny
Ax

... . . . ...
ay

ny1Ax . . . ay
nyny

Ax


Lemma 1: (Ax ⊗ Ay)(Bx ⊗ By) = AxBx ⊗ AyBy

(Ax ⊗ Ay)
† = A†

x ⊗ A†
y

N = Nx ⊗ Ny

Lemma 2: (Ax ⊗ Ay)v = vec(AxVA>
y ), whereV = vec−1(v).

V = (v1, . . . , vny
) ∈ Rnx×ny ⇐⇒ vec(V) =

 v1
...

vny

 ∈ Rnxny
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Kronecker product and circulant matrices: Let Ax, Ay be circulant, then:

A = Ax ⊗ I y + Ix ⊗ Ay

= X−1
x DxXx ⊗ X−1

y Xy + X−1
x Xx ⊗ X−1

y DyXy

= (X−1
x ⊗ X−1

y )(Dx ⊗ I y + Ix ⊗ Dy)(Xx ⊗ Xy)

= X−1DX

with
X = Xx ⊗ Xy (DFT matrix in 2D)

D = Dx ⊗ I y + Ix ⊗ Dy (diagonal matrix)

whereXx, Xy are the DFT matrices,Dx = diag(Xxax), Dy = diag(Xyay) and
ax = Ax(:, 1), ay = Ay(:, 1), respectively.



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Multiplying procedure: A†v = X−1
(
D† (Xv)

)
0◦ dx := fft(ax), dy := fft(ay)

V := vec−1(v)

1◦ V := fft(V)

2◦ V := fft(V>)>

3◦ V := vec−1(D†vec(V))

4◦ V := ifft(V)

5◦ V := ifft(V>)>

A†v := vec(V)

Number of arithmetic operations :

O(2n(log2 nx + log2 ny) + n) ≈ O(n log2 n), n = nxny

Multiplying procedures: Nα, N>v, Mα, M>v . . . analogous
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.

Ω = (0, 1)× (0, 1)

ω = {(x, y) ∈ R2 : (x− 0.5)2 + (y − 0.5)2 = 0.32}{
−∆u = f in ω

u = g onγ

where the right hand-sidesf , g are chosen appropriately to the exact solution

ûex(x, y) = 100((x− 0.5)3 − (y − 0.5)3)− x2.

The auxiliary boundaryΓ is obtained by shiftingγ in the normal direction with

δ = 8h.

0 1
0

1
Ω

ω

Γ
γ

ν

Figure 1: Geometry of ω.

0 0.5 10

0.5

1
−500

0

500

Figure 2: Right hand side f .

0 0.5 10

0.5

1

−5

0

5

Figure 3: Ex. solution ûex|ω .

1
.
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Classical FDM
Steph n/m Iters. C.time[s] ErrL2(ω) ErrH1(ω) ErrL2(∂ω)

1/128 16641/35 8 0.14 2.0860e-2 1.9647e+0 6.6516e-2
1/256 66049/62 9 0.56 1.1092e-2 1.2884e+0 3.2175e-2
1/512 263169/110 12 5.19 5.3989e-3 8.6517e-1 1.5019e-2
1/1024 1050625/198 20 33.05 2.7453e-3 6.0511e-1 7.3265e-3
1/2048 4198401/360 26 167.00 1.3349e-3 4.4015e-1 3.6245e-3

Convergence rates: 0.995 0.541 1.053

New FDM, PSCM
Steph n/m Iters. C.time[s] ErrL2(ω) ErrH1(ω) ErrL2(∂ω)

1/128 16641/35 13 0.17 2.2550e-4 1.6884e-2 1.1689e-3
1/256 66049/62 25 1.33 5.4869e-5 7.7891e-3 2.9342e-4
1/512 263169/110 40 14.97 1.4177e-5 4.0160e-3 1.1504e-4
1/1024 1050625/198 55 83.56 3.4507e-6 1.9028e-3 2.4769e-5
1/2048 4198401/360 94 571.50 9.0638e-7 9.9895e-4 1.2495e-5

Convergence rates: 1.991 1.019 1.666

New FDM, PSCM+Multigrid
Steph n/m Iters. C.time[s] ErrL2(ω) ErrH1(ω) ErrL2(∂ω)

1/128 16641/34 11 0.22 2.4444e-4 1.8988e-2 1.4694e-3
1/256 66049/62 13 0.88 5.5030e-5 7.6303e-3 2.5171e-4
1/512 263169/110 19 8.41 1.3952e-5 3.8638e-3 8.3976e-5
1/1024 1050625/198 22 41.91 3.3209e-6 1.8681e-3 2.5253e-5
1/2048 4198401/360 31 243.50 8.5762e-7 9.6771e-4 1.1555e-5

Convergence rates: 2.036 1.062 1.730
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.

New FDM: BiCGM - iterations, discretization error

Classical FDM New FDM New FDM+Multigrid
Steph Iters. ErrH1(ω) Iters. ErrH1(ω) Iters. ErrH1(ω)

1/128 8 1.9647e+0 13 1.6884e-2 11 1.8988e-2
1/256 9 1.2884e+0 25 7.7891e-3 13 7.6303e-3
1/512 12 8.6517e-1 40 4.0160e-3 19 3.8638e-3
1/1024 18 6.0511e-1 55 1.9028e-3 22 1.8681e-3
1/2048 25 4.4015e-1 94 9.9895e-4 31 9.6771e-4

Conv. rates: 0.54 1.02 1.06

0 0.0078 0.0156 0.0234 0.0313 0.0391

10
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10
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10
0
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Figure 1: H1(ω)-error sensitivity on δ.
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Figure 2: cond(P1F |N(G2)) sensitivity on δ.
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Conclusions

• The efficient implementation of the FDM with an auxiliary boundary.

• The saddle-point system is solved by the PSCM
(non-symmetric analogy of FETI).

• The fast Poisson-like solver for singular matrices are used.

• The fast implementation is ”matrix free”.
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