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3–Dimensional Axisymmetric Magnetostatics

An electromagnet benchmark problem



3–Dimensional Axisymmetric Magnetostatics

Maxwell’s equations: the nonlinear magnetostatic case

Ω ⊂ R
3, Ωe := R

3 \ Ω . . . domains occupied by ferromagnetics and air, respectively,
n . . . the unit outer normal to ∂Ω,
ui, ue . . . magnetic vector potentials in Ω and Ωe, resp.,
ν0 := 4π10−7, νr = νr(‖curl(ui)‖2) . . . reluctivities of air and ferromagnetics, resp.,
J . . . a divergence–free current density compactly supported in Ωe

curl
(
νr(‖curl(ui)‖2)curl(ui(x))

)
= 0 in Ω,

div(ui(x)) = 0 in Ω,

ν0 curl (curl(ue(x))) = J(x) in Ωe,

div(ue(x)) = 0 in Ωe,

n(x) ×
(
(ui(x) − ue(x)) × n(x)

)
= 0 on ∂Ω,(

νr(‖curl(ui)‖2) curl(ui(x)) − curl(ue(x))
)
× n(x) = 0 on ∂Ω,

ue(x) = O(‖x‖−1) for ‖x‖ → ∞,



3–Dimensional Axisymmetric Magnetostatics

Axisymmetric ansatz

Assume that
Γ := ∂Ω :=

{
(r(p) cos(t), r(p) sin(t), z(p)) ∈ R

3 : p ∈ (0, 1), t ∈ [−π, π]
}
,

ΩJ := suppJ :=
{
(r cos(t), r sin(t), z) ∈ R

3 : r ∈ (r, r), t ∈ [−π, π], z ∈ (z, z)
}
,

x := x(r, t, z) := (r cos(t), r sin(t), z),
J(x) := J(r, z) (− sin(t), cos(t), 0) in ΩJ, where r(p) ≥ 0, r > 0, r ≥ 0.

This gives rise to ui/e(x) = ui/e(r, z) (− sin(t), cos(t), 0),

curl
(
ui/e(x)

)
=

(
−

∂ui/e(r, z)

∂z
cos(t),−

∂ui/e(r, z)

∂z
sin(t),

1

r

∂(rui/e(r, z))

∂r

)
,

curl
(
curl

(
ui/e(x)

))
= −△(r,z)u

i/e(r, z) −
1

r

∂ui/e(r, z)

∂r
+

1

r2
ui/e(r, z)

and
div

(
ui/e(x)

)
= 0.
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Finite Element Approach

Domain truncation, linear case, variational formulation

Assume
∂Ω̂ :=

{
(r̂(p) cos(t), r̂(p) sin(t), ẑ(p)) ∈ R

3 : p ∈ (0, 1), t ∈ [−π, π]
}
, Ω ∪ ΩJ ⊂ Ω̂,

denote D̂ := {(r, z) ∈ R
2 : (r, 0, z) ∈ Ω̂}, D := {(r, z) ∈ R

2 : (r, 0, z) ∈ Ω},
DJ := {(r, z) ∈ R

2 : (r, 0, z) ∈ ΩJ},

ν(r, z) := ν0νr in D, ν(r, z) := ν0 in D̂ \ D, where νr ∈ (0, 1],
and assume ue(r, z) = 0 on ∂D̂.

Find u(r, z) ∈ H1
0(D̂) such that

∀v(r, z) ∈ H1
0(D̂) :

∫

D̂

ν

(
∂u

∂z

∂v

∂z
+

1

r2

∂(ru)

∂r

∂(rv)

∂r

)
r drdz =

∫

DJ

Jvr drdz

Then
u(r, z)|D → ui(r, z)|D and u(r, z)|D̂\D → ue(r, z)|D̂\D,

as diam Ω̂ → ∞.



Finite Element Approach

FEM solution
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Finite Element Approach

Discretization

Assume D̂ := (0, R) × (z0, z1),
employ tensor product grids, bilinear nodal elements.

Multigrid solver [Börm & Hiptmair, 2002]

Smoothing: r–line relaxation,
subspace correction: semi–coarsening in z–direction.
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Boundary Integral Equation Approach

Transmission formula [Hiptmair, 2002] for eddy current problem

Denote by E(x,y) := 1
4π‖x−y‖

the Green’s function for the Laplacian in R
3 and define

the following scalar and vector single–layer and volume potentials, respectively:

Ψ(Φ)(x) :=

∫

Γ

Φ(y)E(x,y) dS(y), Ψ(λ)(x) :=

∫

Γ

λ(y)E(x,y) dS(y),

G(Φ)(x) :=

∫

R3

Φ(y)E(x,y) dV (y), G(λ)(x) :=

∫

R3

λ(y)E(x,y) dV (y).

Then for x ∈ Γ:

u(x) =G(curl(curl(u))) + ∇G(div(u)) + curl (Ψ ([γDu]Γ))

− Ψ ([γNu]Γ) −∇Ψ ([γnu]Γ) ,

where [γ.]Γ := γ+ − γ−, where γ+, γ− denote some trace from exterior and interior
of Ω, respectively, γDu := n × (u × n), γNu := curl(u) × n, γnu := u · n.
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Boundary Integral Equation Approach

Representation formula for axisymmetric magnetostatics?

Assume the axisymmetric ansatz, assume λ(x) := λ(r, z)(− sin(t), cos(t), 0),
where x := (r cos(t), r sin(t), z), r ≥ 0, and assume

ui(x) := −Ψ(λ)(x) in Ω, ue(x) := −Ψ(λ)(x) + G(J/ν0)(x) in R
3 \ Ω.

Boundary integral equation

Then
(
νr(‖curl(ui)‖2) curl(ui(x)) − curl(ue(x))

)
× n(x) = 0 on ∂Ω, leads to

−
1

2
λ(x) +

1 − νr

1 + νr
V(λ)(x) =

1

1 + νr
N(J/ν0)(x) on ∂Ω,

where V(λ)(x) =
∫

Γ

curlx

(
λ(y)

4π‖x−y‖

)
× n(x) dS(y),

N(J/ν0)(x) = 1
ν0

∫

ΩJ

curlx

(
J(y)

4π‖x−y‖

)
× n(x) dV (y).



Boundary Integral Equation Approach

Boundary discretization

Assume ∂Ω =
∑n

j=1 σj,
σj = {(rj(p) cos(t), rj(p) sin(t), zj(p)) : p ∈ (0, 1), t ∈ [−π, π]}, rj(p), zj(p) affine,
y = (r cos(t), r sin(t), z) ∈ σj : λ(y) = λj(− sin(t), cos(t), 0).

Operator discretizations

Vij = −

∫ 1

0

∫ π

0

cos(t)(ni1xi1 + ni3(xi3 − zj(p))rj(p)
√

r′j(p)2 + z′j(p)2

2π
√

[(xi1 − rj(p) cos(t))2 + (rj(p) sin(t))2 + (xi3 − zj(p))2]3
dt dp

Ni = −
J

ν0

∫ π

0

∫ r

r

∫ z

z

ni1(xi1 cos(t) − r) + ni3 cos(t)(xi3 − z)

2π
√

[(xi1 − r cos(t))2 + (r sin(t))2 + (xi3 − z)2]3
r dz dr dt

such that V[λ(y)|σj
](xi) = (0, Vijλj, 0) and N

[
1
ν0
J(y)

]
(xi) = (0, Ni, 0) at xi ∈ σi.



Boundary Integral Equation Approach

BIE solution
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A Coupling Scheme for Linear Axisymmetrix Magnetostatics

FEM equation

Denote ω := {x := (r, z) ∈ R
2 : (r, 0, z) ∈ Ω}, n := (nr, nz) outer normal to ∂ω.

Find u(r, z) ∈ H1(ω) such that ∀v(r, z) ∈ H1(ω):
∫

ω

ν

(
∂u

∂z

∂v

∂z
+

1

r2

∂(ru)

∂r

∂(rv)

∂r

)
r drdz −

∫

∂ω

(
nz

∂u

∂z
+ nr

1

r

∂(ru)

∂r

)
v ds(p) = 0.

FEM–BIE Neumann and Dirichlet coupling equations

νr

(
nz(x)

∂u(x)

∂z
+ nr(x)

1

r(x)

∂(r(x)u(x))

∂r

)
+

[
−

1

2
I + V

]
(λ)(x) = N(J/ν0)(x) on ∂ω

u(x) + VD(λ)(x) = ND(J/ν0)(x) on ∂

where VD(λ)(x) =
∫

∂ω

λ(y)
4π‖x−y‖ ds(y) and ND(J/ν0)(x) = 1

ν0

∫

ωJ

J(y)
4π‖x−y‖ dS(y).



A Coupling Scheme for Linear Axisymmetrix Magnetostatics

FEM–BIE least–square solution
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