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3—Dimensional Axisymmetric Magnetostatics

An electromagnet benchmark problem

Netgen 4,4




3—Dimensional Axisymmetric Magnetostatics

Maxwell’s equations: the nonlinear magnetostatic case

QO C R3 Q°:=R3\ Q... domains occupied by ferromagnetics and air, respectively,
n ...the unit outer normal to OS2,

u', u® ... magnetic vector potentials in € and Q°, resp.,

vy = 411077, v, = v(||curl(ul)]]?) ... reluctivities of air and ferromagnetics, resp.,
J ... a divergence-free current density compactly supported in {2°

curl (Vr(chrl(ul)H2)curl(ul(.x))) =0 in €2,
div(u'(x)) = in €2,

vy curl (curl(u®(x))) = J(x) in Q°,

| div(u®(x)) =0 in Q°,

n(x) x ((u'(x) —u(x)) x n(x)) =0 on 02,
0 on 0f),

(v([leurl(w)|*) curl(u'(x)) — curl(u®(x))) x n(x) =
(%)



3—Dimensional Axisymmetric Magnetostatics

Axisymmetric ansatz

Assume that

[':= 09 = {(r(p) cos(t), r(p)sin(t), z(p ))ERS - pe(0,1), t € [—m,nl},

Qg :=suppJ —{rcos() rsin(t),z) € R? : ( T), t € —m, 7], z € (2,2)},
x :=X(r,t,z) := (rcos(t), rsin(t), z),

J(x) = J(r, z) (—sin(t), cos(t), 0) in 25, where r(p ;>0

) 2
This gives rise to u/*(x) = u"/°(r, 2) (= sin(t), cos(t), O)

- ouV/e(r, z) ouVe(r, z) | 1O(rul/¢(r, 2))
1/e _ o ’ o y - )
curl (u (X)) ( 5, cos(t), 5, sin(t), » 5 ) :
. . ife .
curl (curl (ul/e(x))) = —A(m)ul/e('r, z) — %(‘M 85“r’ ?) + %ul/e(r, 2)

and
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Finite Element Approach

Domain truncation, linear case, variational formulation

Assume R

9Q = {(7(p) cos(t), 7(p)sin(t),Z(p)) e R* : pe (0,1), t € [-m, 7|}, QUQy C Q,

denote D = {(r,z) € R? : (r,0,z) € Q}, D := {(r,z) € R? : (r,0,2) € Q},
={(r,z) e R* : (r,0, Z)EQJ}

v(r,z) ==y in D, v(r, z) :== vy in D\ D, where 1, € (0, 1],

and assume u(r, z) = 0 on 9D.

Find u(r, 2) € HY(D) such that

Vo(r, z) € H5<ﬁ> : /V (%@ + i@(ru)@(rv)) rdrdz = /JUT drdz

020z 12 Or Or
D Dy
Then |
u(r, z)|p — u'(r, z)|p and wu(r, z)|ﬁ\5 — u’(r, z)|ﬁ\5,

as diam €2 — oo.



Finite Element Approach

FEM solution
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Finite Element Approach

Discretization

Assume D := (0, R) x (20, z1),
employ tensor product grids, bilinear nodal elements.

Multigrid solver [Borm & Hiptmair, 2002]

Smoothing: r—line relaxation,
subspace correction: semi-coarsening in z—direction.
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Boundary Integral Equation Approach

Transmission formula [Hiptmair, 2002] for eddy current problem

Denote by F(x,y) := ———r the Green’s function for the Laplacian in R? and define
drx—yl]

the following scalar and vector single-layer and volume potentials, respectively:

U(P)(x) 3:/®(Y)E(X>Y) dS(y), PA)(x) 3:/>\(Y)E(X>Y) dS(y),

I I

G(@)(x) = / (y)E(x,y) dV(y), GA)(x) = / Ay)E(x,y) dV(y).
Then for x € I™: ) :

u(x) =G(curl(curl(u))) + VG(div(u)) + curl (¥ (|vpulp))
= W ([yyulp) = VU ([vyulp)

where [v.]r ;== " — 7, where 4", v~ denote some trace from exterior and interior
of {2, respectively, ypu :=n X (u X n), yyu := curl(u) x n, vy, u:=u-n.



Boundary Integral Equation Approach

Transmission formula [Hiptmair, 2002] for axisym. magnetostatics?

Denote by E(x,y) := === the Green’s function for the Laplacian in R?® and define
drx—yl]

the following scalar and vector single-layer and volume potentials, respectively:

U(P)(x) 3:/®(Y)E(X>Y) dS(y), PA)(x) 3:/>\(Y)E(X>Y) dS(y),

G(@)(x) = / D) Exy)dV(y), GO)x) = / AY)E(x,y) dV(y).
R3 R3

Then for x € I™:
u(x) =G(curl(curl(u))) + VG(div(u)) + curl (¥ (|vpulp))
W ([ynulp) = V¥ ([vulp)

where [v.]r ;== " — 7, where 4", v~ denote some trace from exterior and interior
of {2, respectively, ypu :=n x (u X n), yyu := curl(u) x n, vy, u:=u-n.



Boundary Integral Equation Approach

Representation formula for axisymmetric magnetostatics?

Assume the axisymmetric ansatz, assume A(x) := A(r, z)(— sin(t), cos(), 0),
where x := (rcos(t), rsin(t), z), r > 0, and assume

u(x) = —PA)(x)in Q, u’(x):=—-TN)(x)+G(J/vy)(x)in R\ Q.

Boundary integral equation

Then (14(||curl(u’)||?) curl(u'(x)) — curl(u®(x))) x n(x) =0 on 952, leads to

1 I — 1
—§>\<X> 4+ T er<>\><X> — T VrN(J/V())(X) on 0f),
where V(X)(x fcurl (ﬁ) x n(x)dS(y).

N(J /1) (x) f curl, (ﬁ) % n(x) dV(y).



Boundary Integral Equation Approach

Boundary discretization

Assume o) =)0 77,

= {(ry(p) cos(t), r(p) sin(t), z;(p)) - p € (0,1), t € [=m 7]}, 7(p), 2(p) alfine,
y (7 cos(t), rsin(t), z) € o/ : Xy) = A\j(—sin(t), cos(t),0).

Operator discretizations

cos(t)(naxi + nig(wiz — z;(p))ri(p)\/75(p)* + 25(p)?
/ / dt dp
0 27‘(‘

(i1 —15(p) cos(t))? + (r;(p) sin(t))? + (xi3 — 2;(p))*]’

ni (a1 cos(t) — r) 4+ nis cos(t)(zis — 2)
Ni = ——
Yo /0 /ﬁ g 27T\/[(JJZ-1 — rcos(t))? + (rsin(t)? + (25 — 2)2°
such that VIA(y)|,.](x:) = (0, Vj;A;,0) and N [%J(y)} (x;) = (0, N;,0) at x; € 0;.

rdzdrdt




Boundary Integral Equation Approach

BIE solution
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A Coupling Scheme for Linear Axisymmetrix Magnetostatics

FEM equation

Denote w := {x := (r,2) € R* : (r,0,2) € Q}, n := (n,,n.) outer normal to dw.
Find u(r, z) € HY(w) such that Yo(r, z) € H'(w):

Oudv 1 9(ru)d(rv) ou 10(ru) B
/V(anrﬁ . )rdrdz—/(nngrnr; 5 vds(p) = 0.

W Oow

FEM-BIE Neumann and Dirichlet coupling equations

" (nz(x) agf‘) +mu(x)- <1X> 8(7“(};):(}())) i [—%I i v] (AN)(x) = N(J/vp)(x) on O,

u(x) + Vp(A)(x) = Np(J/1p)(x) on ¢

where Vp(\)(x) = af il ds(y) and Np(J/u)(x) = £ [ =2 dS(y).
w Wi




A Coupling Scheme for Linear Axisymmetrix Magnetostatics

FEM-BIE least—square solution
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