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1 Definitions and notation
0

o)

H™(Q), 1<m <2

1/2
[Vhme = (Ciajcm Jo [070)
HE' (9)

L'Y2(09)

region in R?
boundary of region {2

solution space

norm in the space H™({2)

zero-trace solution space

trace space



complementary subspace of the Hilbert space H ' (£2) with respect to H} (2)
thus satisfies relation H*(Q) = H} () & M

inner product on M inducing on M norm equivalent with the norm
heredited from H! ()



2 Biharmonic equation

Ay = f in €} and u=0=— on 0f2

2.1 Formulation of the Problem
Find u € HZ(Q) such that relations

(2.1) J(u) =min{J(v):veE H;(Q)},

hold where |

(2.2) J(v) = —/ |Av[2—/ fo, ve HF Q).
2 Ja Q

In place of (2.2) one can minimize functional

(2.3) J(v,9) = %/QW—/QJ%
8



under the assumption that v € Hg and ¢ € L2(Q) and simultaneously
Av = ).

The subspaces corresponding to the variational principle introduced are characterized as
follows:

V={(v,¢) € H3(Q) x L*(Q) : Vu € Hy (Q) satisfying 8 (v, 1), pt) = 0},

where

(2.4) B (v, ), 1) = /Q gradv gradu — /Q o

A relationship between the natural variational principle (2.1)-(2.2) and that one given by
(2.3) reads:

2.2 Assume wu is a solution of Problem 1. Then also

J(u, —Au) = min{J (v, ¢) : (v,9) € V}.



This fact guarantees a possibility to factorize Problem 1 to a subsequent solving Poisson
problems, hence problems of order 2. It is easy to see that function ¢ ca be interpreted as an
aproximation or reprezentative of —Auw.
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3 An Algorithm

Input data : f € L*(Q), \Y € M

1(9) set subsequently &k = 0, 1, ...

2V Find ¢ € H} () such that in the classical formulation
A¢F = fin Q

d* = N\ on
in the variational formulation

[ gradd® gradpdQ = [, fudQ VYo € Hg(Q)

OF — A" € Hy(Q)
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3" Find u* € H}(£2) such that
in the classical formulation
AuF = ¢F in Q
uwF =0 on

in the variational formulation

[ gradu® gradpdQ = [, ¢"pdQ V€ Hi ()

ub e HY ()
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49Find \* 1 € M such that
in the classical formulation

AL =% 4 p [AuF — 7] on 09

in the variational formulation
(NFFE — ,,LL)M = p | [, gradu® gradpdQ — [, ¢* pdQ|

Yue M
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Convergence of the Algorithm is characterized using the following relations.

3.1 Assuming parameter p is chosen in the interval (O, 20202), where

Avl| 1
|20z H2(Q) N HY(Q)

o = inf 50
1522 ()

and constant ¢ > ( satisfies relations
1/2
cllpllz2 o0y < (s 1) e Vi€ HY(SQ),

the quantities appearing in Algorithm 1 fulfil relations

lim |Ju® —ulj1q =0,
k— o0

Jim 19" + Aull2(q) = 0.
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4 Discrete formulation

Space of approximate solutions:

Vi, C Hl(ﬂ)

Space of approximate solutions with zero traces:

Vo ={vn € Vi v, =0 na 00}

Space of approximate solutions with constraints:

Vi = { (v, ¥n) € Vo X Vi;Vun € Vi, B((vn,¥n), pin) = 0}
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Space of approximate solutions with constraints and zero traces:

Wi, = {(vn, ¥n) € Von X ViiVun € Von, B((vn, ¥n), pn) = 0}

Complementary space of Vg, in V3, thus,

Vi = Von, © My,
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4.1 Algorithm 1
Input data: /1, € Vi, \) € M
Set subsequently k = 0,1, ...
19 Find gbi satisfying relations gblfL — )\ﬁ e Von, and

Yo € Von, /grad gblfL grad vh:/ffuh.
Q Q

29 Find uﬁ € Vip, such that by
Yv, € Von, / grad ui grad vy = / gbﬁfuh.
Q Q

3% Find )\IfLH € My, such that

\V/,uh < Mh7 (Al}{;_'_l _ )\ihm Mh)./\/lh — P ﬁ ((Ui, ¢z)7uh) = 0.
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Let Ay, : Vi, — Vop be given by

Apthy, = vy, & Y € Vo, /

grad vy gradpp = / Yn n
0 Q

Similarly, By, : V3, — My, utilizing the system of equations: B},

Vi € My 2 (Brton, Yu)m, = B ((An¥n, ¥n), pn) = 0.

Hence, By, is a restriction of Ay, onto 9.  (We have that A;, ~ A~ with boundary
conditions implied from A )p).

A result similar to that describing convergence for the continuous case is contained in the
following

4.2 Assuming paprameter p is chosen from the interval (0, 20,%), where

1
1B

Oh
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and || B|| denotes the operator L?-norm, relations

i [f — e, =0, Jim [[¢f — onll,, =0

k— o0

hold.
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5 Finite element spaces

Triangulation 7}, of the region €2 consists of elements K such that Q= UKeTh and each
element K satisfies for all triangulations 0 < h < hg standard geometric conditions in the
sense of [5]. Itis assumed also that each element /K is an affine picture of a reference element
K : K = Fg(K).
Space
Vi, = {’Uh c C(ﬁ) VK € 'Th,’Uh‘K S PK}

is generated utilizing the triangulation 7;, where
Pr = {U:KHR;U:”(A}OFgl,V’IA} Ep}

assuming P a finite dimensional space of functions satisfying
P CP

where P; denotes the set of all polynomials of order < 1 in two variables.
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5.1 Asregular class of triangulations one understands a system {Th} satisfying with suitable
constants independent of h, o and 7 such that

max {%} < a,

Tmax {h(K): K €Ty} <min {h(K): KeT,}, h=max{h(K):K €T}

where h(K') = diameter K, §(K') = sup{diameter of the discs inscribed into K }.

The above theory has been developed without any requirements concerning the spaces
Vi, Von, Myp. To determining the value of parameter p we need some specifications con-
cerning these spaces however. As spaces M, we choose in agreement with the choice of
the spaces V}, a |y}, the following specific ones: Spaces M, are subspaces of V}, consisting
of functions whose values vanish at all inner nodes of {2. We then have the following result.

21



5.2 Theorem Assume that the inner product (., .) A¢, is the L?-inner product on 9%). Fur-
ther, let V3, a Vjy;, a M, be chosen such described above.
Then

lim o) = o,
k— oo

where o is the quantity introduced in the part of this paper devoted to the continuous problem.
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6 Reproducing kernels and the biharmonic
operator

Consider in a plane domain D the class B of all regular harmonic functions (in general complex
valued) with a finite norm given by

MW:/mewWMy

Class B possesses a reproducing kernel which will be denoted by H (2, z1), i.e.

f(z)://DH(z,zl)f(zl)dzl, VieB,z=x+1iy € D.
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Assume u is a complex-valued function. Then ¢ denotes its complex conjugate.

6.1 Theorem [1] In order that the reproducing kernel K(:I:, y) of the proper functional Hilbert
space £ be nonnegative it is necessary and sufficient that £ have two properties

@ Ifue & thenu € £and ||a] = [|ul.

(b) For each real-valued u € & there exists u € £ such that

a(x) > |u(zx)| forall z and ||| = ||u||.
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/ Positivity Issues In plate bending problems

Assume D C R? is a region.
Denote by symbol A an operator defined by

Au = A%y for (x,y) €D
u(z,y) = 0= Zu(x,y) for (z,y) € ID

where

@) = |(Z)+ (%) uwn  owp e

Question (Hadamard) Does the pointwise relation

Au(z,y) >0 forall (x,y) € D

imply that
u(x,y) >0 forall (x,y) € D?
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Answer Not always!

According to Duffin [7] the answer to the above question is no if D is suitably chosen
rectangle.

The answer to the Hadamard question is affirmative if

e Disadisc

Moreover, Duffin conjectures [/] that the answer to the Hadamard question is affirmative
if D is a square.
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8 Concluding remarks

e The original problem of the fourth order is transferred to iterating on two Poisson equa-
tions in the domain €2 and finding solution to one functional equation on the boundary

of).

e The structure of the Poisson problems to solve is suitable for application of the most
efficient (multigrid) methods: Actually, the corresponding matrices are symmetric M -
matrices

e The operator governing the functional equation on the boundary OS2 reads
—1 —1
AT P yATTA

where Py 171 (o) denotes the projection of H'(Q) onto M along Hj () and is
thus symmetrizable and positive semidefinite. A simple Richardson iteration recom-
mended in [5] to compute approximate boundary data for the auxiliary Poisson prob-
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lem can, if needed, be replaced by some efficient Krylov like method, e.g. conjugate
gradient method.

An extra additional gain of the approach described is continuity of the quantity A,
where u is the true solution of our biharmonic problem. This property of Au may not
be guaranteed even if one applies some conformal FEM.

In order to use the methods described in the lecture to computing plate problems
standard software products utilizing CO elements apply .
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