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1 Iterac¢ni procesy

Ax

|
Sy

Konstrukce itera¢éni matice 7

M YAz =M""1e, MTA=T-T

A=M—-W=MI-T), splitting, ¢=M"1b,

(1.1) MzP = Wa¥ + b equivalent with ¥ = T2% + ¢



T=P+Z P’=P, PZ=7P=0,
Konvergence nastava pravé kdyz plati (i) a (ii), kde
(i) r(T) = Jim | THIV* <1,

k—o00

(i7) lim ZF =0

k— 00
1 Problém
Nalézt staciondarni vektor pravdépodobnosti stocha-

stické matice B.

2 Lemma 0 € 0(A) pravé kdyz 1 € o(T)
0 = Aw

=M —T)w
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a tedy

w = Tw.

3 Definice
Index cykliénosti (irreducibilni cyklické matice) p:

(Necl: |\ =1o(T) = {1, exp{2ri/p}, ..., exp{2mi(p — 1)/p}}

Co délat v pripadé, ze spektrum o(7T) je cyklické?
Snadna moznost: Posuv 7/ + 7,0 < 7 < 400

S =

T i
1—|—7'< T )

obr. 1 a obr. 2

Situace je kriticka pro p > k10°, s >> 1, k > 1 natoz
p=O0(N%,8 > 0.
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2 TIterative aggregation/disaggregation methods

Let E=RY, 7 =R",n <N,
el =e(N)T' =(1,...,1) e RV,

onto

G:{1,..N} = {I,..n)

IAD communication operators

(Rz); = ¥ wj




We obviously have
S(u) =1
For the aggregation projection P(x) = S(z)R
P(az)Te —e V€ RN,:E]- >0,7=1,...N
and

Px)r==x VCEERN,ZC]' >0,7=1,... N

Define the aggregated matrix as

(x) = RBS(x)

How to choose the map G7
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Natural, if B is in ”suitable” block form

B = Bor B - B , with diagonal n;xn; block B;;, j =1,...
Bp1 Bpa, - - . Bpn

Then one lets usually,
= G(j) for no+ni+...4n;_1+1 < j < ngtny+...+n_1+nj, ng = 0.

and this means that each of the blocks Bj;. is aggregated
to a 1 x 1 matrix.

Conversely, the map G gives a rise to appropriate
block form of B (up to a permutation).



4 Example Let B be a stochastic matrix written in a
block form

Bpi By . . . Bpn
Take N = 4 and n =2 and each block Bj, to be 2 x 2.
Then, choosing

P (1 10 0)

0011

and

1
371—|—£L’2$1 0

1
:Cl—I—CEQ:CQ 0

0 Tr3+T4

1
0 $3-|—334x4

L3
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the aggregated matrix becomes

_(Bulz) Bra(x)
Blz) = (521(93) Boo()

a 2 X 2 matrix with

Ori(z) =

Ora(x) =

Go1(T) =

Oao(r) =

1
(b11 + b21)w1 + (b12 + b22) 2]

T1+ X9
1

bia+ b + (bya+0b
x3+$4[( 13 + bag)wg + (b1g + bog) w4

(b31 + ba1)w1 + (b32 + bao) 2]

1+ X9
1

baa + b + (bas + b
x3+$4[( 33 4 b43) 73 + (D34 + baa) 4]
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5 Algorithm SPV (B; , T s, t; €)
Step 1. Set k= 0.

Step 2. Construct the aggregated matrix (in case s =1
irreducibility of B implies that of B(£C<k>> )

B(r") = RB*S(x)
Step 3. Find the unique stationary probability vector
2 (k) from

B AR = B o) TR =1 e(p) = (1, ..., )T € RP.

Step 4. Let

Mx(k—l—l,m) — W

(k1)

]
LN
~
T
o~
_I_
Naw
]
—_



Step 5. Test whether
”ZC(k—H) — :C(]'C)H < €.
Step 6. If NO in Step 6, then let
k+1—k

and GO TO Step 2.
Step 7. If YES in Step 6, then set

k+1)

AN

QTZZSC(

and STORP.
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A class of stochastic matrices for which IAD converges
fast

Another special stochastic matrix

B

B 599

Bpp
where
Bjj, 3 =1,...,p, arbitrary substochastic

and

T .
= Uy u]k,] # ka
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(o 0 0
0 V9 0
v=| |+ |+ |, v;>07=1..p
0 0 Up
Let D be irreducible.
Then the TAD algorithm SPV(B; I — By, S, ¢ x<0); £)
returns as the exact stationary probability vector »

having the form
:2‘ = ) =
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4 Some properties of IAD methods

Error-vector

(4.1) GRS - Jt(x(k>) (x<k) — i) :
where
(4.2) Ji(x) =T'[I — P(x)Z)"' (I — P(x)),

where Z comes from the spectral decomposition of B =
Q+2,0Q° =Q,QZ = 2ZQ = 0,1 ¢ o(Z). Furthermore,
Ji(z) = T'=1Jy(z), t > 1, holds for any z with all compo-
nents positive.
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6 Definition A splitting {M, W} of | — B = M — W is
called aggregation-convergent if T = MW is Y-zero-
convergent, where Y = and P(z) is the aggre-
gation projection

7 Example Let o, 3 be complex numbers, |a| > 1.

a 0

r-(20).
and

00

r-[00)

We see that T is Y -zero convergent if || <1 and Y -

convergent if f=1. If a # 1 then obviously, lim;._, Tk
does not exist.
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8 Proposition Let sequence {x(k>} be computed accord-
ing to Algorithm SPV (B; , T s, t; ) 17,
Then the characteristics of the error estimates
(S(#)21F);
. — M
(Z);

N
2.

. :,uER1
1=1

pg(S(i‘)z(k), T) = min

and

1
— W €RL

?

are related by
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d pr(zM. %) < pe(S(2)2M, 2) < d (=", 2,
with dj, j=1,..n, d and d given by
dj = card{j : G(j) = j}.

and
d — min d], E = INnax d]

respectively.
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9 Proposition Let N be a positive integer and v & RN : vl =
(1, .., UN) = (U%),...,U@)),UU) c R",1 <n; <N, Z]]Q:l n; =
N and ' = (1,..,1) = (e(nl)T,...,e<np)T) e RN, With
B = B(a) =aB; + (1 —a)By,0 < a < 1, where By, By are
column stochastic blockwise written matrices,

By Bio . .. Bip—1 By
g _ | B By By By
By By . .. Byy_1 By
and
0 0... 0 vie(ny)!
voe(ny)! 0 0 0

Loy =
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we define iteration matrices

—1
1 = (I — Bldiag) BlOff,

where B4, ts the block diagonal of By, Bi,rr = By —
Bigiag and By = B,r¢ + Boyrr. Thus,

—1
Ty = (I — Bidiag)  Baoff-
Then, assuming o > 1/2, we have that
(4.3) v(aT) + (1 — a)Th) = a.

Proof Let us denote T(a) = o1 + (1 — )Ty = (I —
Biosp) " aByops+ (1 — ) Byl

The hypotheses guarantee that B is irreducible for
any o« > 0 and thus, the null space N (I — B) is one-
dimensional. It follows that the null space N (I —T) is
one-dimensional as well.
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It is easy to see that T'(«) as a convex combination of
two cyclic matrices need not be cyclic. However, we
are going to assume that it remains cyclic. Note that
the indices of cyclicity ¢ and p of T(«) and T may be
different.

It is well known [1] that the Cesaro sums of any homo-
geneous Markov chain with transition matrix 5 are con-
vergent. As demonstrated above, matrix 7'(«) is gener-
ated by a regular splitting of [ — B(«). Irreducibility of
B(a) then implies that also the Cesaro sums

I n L
Ch = o) T ()
are convergent and the limit is the Perron projection
of T'(a):
Qi(a) = lim C),.
k—00
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Since the range of ()i(«) is one-dimensional, we can
identify the form of this projection. We derive that

(4.4) Qi(e) = if",
where y is the unique Perron eigenvector of T(a) and
f=—- Biroff)e,eT = (1,...,1) e RY.

The validity of relation (4.3) is based on an important
result from [2] and the following interesting spectral
property formulated in a form of a Lemma.

10 Lemmma The iteration matriz T («) possesses the fol-
lowing spectral decomposition:

(45) T(0) =", 1wQyia(a) + Z(a), = expi2ri/a}
where
(4.6) Qi(a) = Oéél Quia+(1—a)Qu=9f", flo=1,
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with

(4.7) f=(I—Biyse
(4.8) Qi) =gif}. fli;=137=2..q
with

g = (;ﬂy]( 1) “]qyj( ))
(4.9)

fI = 7 fys s ™)
and

Z(a) = asi z?’;_f M (I = Q1(a)) Qa1 (I — Q1())
(4.10)

a(l —Qi(a) Z1 (I — Qi)

With the above Lemma 4.5 the algorithms investi-
gated in [6] apply and their convergence is guaranteed.
With suitable splitting of the transition matrix B(«),
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e.g. such as shown in our contribution, the speed of
convergence can be characterized using the following

11 The spectrum o(T(«)) of the iteration ma-
trixz T(a) ts such that

o(T(@) C {1, fty oo, 8 wUf_y UBE) {M 1)
A A S pp < af,

A\ =exp{2mi/pit, 7 =1,...,7.

12 Remark It follows that the speed of convergence of
the sequence obtained in the process of iterative aggre-
gation/disaggregation method proposed and analyzed
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in [6] is determined by value o, i.e. for any norm on
RY we have the following estimate

o =g < o

< KQ”,
with some constant k independent of k.
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5

Konvexni kombinace stochastickych matic

Bla)=aBj+ (1 —a)By, 0 <a <1

Pro pripad mocninné metody se pouziva pro poruch
Bs néjaké matice hodnosti 1. Pro ni plati vztahy

U(BQ> — {Ov 1}7

(5.1) N(I — By) = {ki - k € R},

limy._, B§x<0> =z = T, elz(0) =1

jejichz dusledkem je konvergence mocninné metody pro
jakoukoli konvexni kombinace za predpokladu, ze parametr
a € (0,1).

26



Ukazeme, ze pri volbé IAD pro nalezeni z je vyhodné
brat za By ”dyadickou” a pritom cyklickou irreducibilni
matici. Pro pripad této volby existuji nékteré IAD
metody jez konverguji rychlosti danou touze veli¢inou,
tedy, rychlosti ok

By 0 ... 0 Blp
5 _|BaByn... 0 0
0 0 ...By 1 By

s libovolnymi diagonalnimi bloky Bj;; a dyadickyma mi-
modiagonalnimi bloky

By, = 61016T(np), vy € Int(R™), 51 > 0,
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n4 .
Bjj 1= Buiel (nj_1),v; € mt(RY),8; > 0,5 =1, .., p.

Pro vhodné hodnoty parametru j; evidentné je takto
vybrana matice blokové p-cyklicka a irreducibilni.

TAD analogy relaci (5.1) jsou tyto vztahy
o ([I = P(@)]J(2)) = {0,1, 1, ..., P~ 1},

N(I — By) ={rv: ke R,

(k) = 2(2) = ¢

hmk—>oo X
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6 An application: PageRank of the Google matrix

The above idea how to compute the stationary distribu-
tion of an irreducible cyclic matrix will now be applied
to computing the so called PageRank of the Google ma-
trix. As well known [5], the PageRank is computed on
the basis of a knowledge of the unique stationary prob-
ability distribution of the Google matrix. Our main
result consists of establishing convergence of an IAD
procedure to the PageRank and its efficiency concern-
ing the realization on parallel computer architecture.
From theoretical point of view cyclicity not only does
not matter, just the opposite: cyclicity of the Google
matrix is exploited in order to accelerate the computa-
tions in comparison with the methods utilized so far.
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Modelem bude konvexni kombinace ”puvodni” Googlovské
matice a ’vhodné” cyklické matice dyadické

B(a)=aB1+ (1 —a)By, a>1/2.
Vypocet budeme provadét pomoci
SPV(B(O&); ]—diag{Bn, . Bpp}, &Bloff+<1_04>320ff5 t,1; :IB(O); 8).
Iteracni proces, na némz je vybudovana metoda IAD je
dan iteracni matici

T(a) = (I — diag{B11, ..., Byp}) " [aBios s + (1 — @) Bygyyl.

neboli,

T(a)=aT1 + (1 —a)ls,
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kde

: —1 :
Tj = (I — diag{Bi1,.... Byp})) ~Bjorf» j =1,2.
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