MAXIMUM AT TAINABLE ACCURACY OF
INEXACT SADDLE POINT SOLVERS

Miro Rozloznik

Institute of Computer Science
Czech Academy of Sciences
CZ-182 07 Prague, Czech Republic

Technical University of Liberec
Department of Modelling of Processes
CZ-461 17 Liberec, Czech Republic
email: miro®@cs.cas.cz

joint work with
Pavel Jiranek

GAMM Annual Meeting, Berlin, Germany, March 27-31, 2006
1



ITERATIVE SOLUTION OF SADDLE POINT
PROBLEMS - DEFINITION

o o) ()= (o)
BT 0 Y \o
A e R™"™ is symmetric positive definite,

B € R™™ js of full column rank (m < n)

Benzi, Golub, Liesen: Numerical solution of saddle point prob-
lems, Acta Numerica (2005), 1-137.



OUTLINE

1. TWO SOLUTION APPROACHES: SCHUR COMPLEMENT
REDUCTION METHOD AND NULL- SPACE PROJECTION
METHOD

2. TWO MAIN REASONS: INEXACT SOLVES OF INNERIT-
ERATION LOOPS AND ROUNDING ERRORS IN FINITE
PRECISION ARITTHMETIC

3. TWO MAIN EFFECTS: DELAY OF CONVERGENCE AND
LIMIT ON THE ACCURACY OF COMPUTED AP-
PROXIMATE SOLUTIONS



THE SCHUR COMPLEMENT METHOD

x = A"Y(f - By)
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Azy + By = f
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THE SCHUR COMPLEMENT SCHEME

’o. ( 0 > _ (A_l(f—Byo) >
0 Yo

Yk+1 = Yi + O‘kpl(gy)

[, )= () o (ra i)
= —
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THE COMPUTATION OF z,4:: THREE
DIFFERENT IMPLEMENTATIONS

Lk

Tpt1 = o + oap(—A1Bp

zpr1 = A"1(f — Byra1)

]gy))

1 =z, + A"(f — Az, — By,

1)



INEXACT SOLUTION OF SYSTEMS WITH
A: INNER-OUTER ITERATION

Ax =

Nag

(A4+ AA)xT =1y
|AA] < 7] A

Szyld, Simoncini 2002, Sleijpen, van den Eshof 2002
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SCHUR COMPLEMENT APPROACH: BEHAVIOR IN
FINITE PRECISION ARITHMETIC

() ()
U1 )"\ TR
|z — Zr41]la
< fyle — Afk—l—l — ng-|-1|| + ’72||BTA_1f — BTA_lng—I—l)H
EXACT ARITHMETIC:;

|f — AZg41 — Byg+1|| =0

IBTA=Yf — BTA71Bg 4] — O



RESIDUAL OF THE SCHUR COMPLEMENT SYSTEM

IBTA=1f — BTA-1By 1 — 79, |
< O AHNBIUL + 1Bl Tt 1)

1 (k4 3)7T +oixBiZu

Yir1 = max;—o  p+1{/7ill}

Xk41 = max;—o,. k+11{lZoll; \|57;2_9§x)||}

|z — Tpt1ll 4, 1Y — Urt1llgra—15 ~ O(T)
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APPROXIMATE SOLUTION COMPUTED BY DIRECT
SUBSTITUTION WITH FORMULA

zptr1 = A"H(f — Byps1)

If = AZpt1 — Byl < O+ IIBIGE+1ID+ T [|AllZg41

| = BT Zpq1 — 71 < O@IA BN  + 1B Tit1)

(k4 4)T +oixiBiZu

K1 = Maxi—o_ 1 {IZoll, Zeqll, [@pe™|}
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THE UPDATED APPROXIMATE SOLUTION WITH
FORMULA ;1 =z + (—A~1Bp¥))

|f — AZr41 — BYpr1ll < O@)(IfIl + 1Bl Y1)

1 (k4 2)T +owiaigi

| - BTZpqy — 7%, ) < @, (U) IA=LIBIIFI 4+ 1B Vieg1)
+ O(U)  w)BIZess

X1 = max;— . p+1{ITl}
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DIRECT SUBSTITUTION WITH CORRECTION VIA
FORMULA Tr+1 — Tk + A_l(f — Axy — Byk—l—l)
1= Azp1 = Bresal < O (W) QI+ 141 Regr + 1B Tern)

| = Bz — 7211 < O@IA MBI + 1Bl Vig1)

(k4 4)T o) Big,

X1 = maxi—o.. o1 {IZoll, |Fegrlls @A)
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NUMERICAL EXPERIMENTS: SIMPLE MODEL
PROBLEM

A = tridiag(l,4,1) € R®>2% B = rand(25,5) € R25°
f =rand(25,1) € R?®

o(A) C [2.0146,5.9854]
sv(B) C [0.3016,2.4580]

e The Schur complement system BYA-1By = BT A~1f solved
with the conjugate gradient method or the steepest descent
method

e [ he systems with the matrix blocks A and BT B solved in-
exactly with the conjugate gradient method and stopping
criterion based on the backward error equal to =
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residual norms ”f_AXk_Byk”’ ”r(kx)”
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