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‘ 1. Introduction |

We consider a saddle point problem with the symmetric 2 x2

block form
A B\ (x f
(570) ()= () "

where A is an n xn symmetric positive definite matrix and B
IS an n x m matrix of a full column rank. Such systems arise
iIn many applications including the finite element approxi-
mation of second order elliptic partial differential equations,
weighted least squares and quadratic optimization with lin-
ear constraints; see [1] and the references therein.

We present our results on the numerical stability of two
representatives of segregated methods for solving saddle
point systems — the Schur complement reduction method
and the null-space projection method, see [2, 3]. A segre-
gated method transforms (1) into a reduced system for x or
y which is solved by some iterative method. Such a scheme
requires matrix-vector multiplications which need solutions
of inner systems with A or B. We assume that these sys-
tems are solved inexactly with the uniformly bounded back-
ward error. The remaining component of the approximate
solution vector is found by a back-substitution into (1) which
can be done in several ways. Here we denote them as the
scheme A (generic update), B (direct substitution) and C
(corrected direct substitution).

The errors due to the inexact solution of inner systems and
the roundoff (unit roundoff is denoted as ) are propagated
throughout the iteration process. This affects the limiting
accuracy of the computed solution which we measure in
terms of the residuals in outer iteration, the residuals in the
saddle point system and the forward errors.

The theoretical results are illustrated on a simple numerical
example with n = 100, m = 20, A = tridiag(1,4,1), and B
and f are chosen randomly. We have x(A) = ||A||- [|[A™Y| =
7.1695 - 0.4603, k(B) = || B|| - | BT|| = 5.9990 - 0.4998.

2. Schur complement reduction method |

The Schur complement reduction method is based on the
equivalent formulation of (1)

(05) ()= (i)

The symmetric positive definite system with the Schur com-
plement matrix S = BLA~1B is solved iteratively. Given
an approximation y;. (k = 0,1,2,...) to the solution vector
component y, the corresponding approximation z;. to = is
found by solving Ax;,. = f — By;. We consider three differ-
ent back-substitution formulas summarized in the following
algorithm:

choose 1, solve Azy= f — By )
fork=0,1,2,... do:

compute a;. and p]iy)

Y
Yk+1 = Yk + 04]~c]9/7<.C )

solve Ap\”) = —Bp\Y
P = =20 outer
back-substitution: 2 teration

€T .
A: Thil = Tf —+ Ozkp](C )7 \ !nner.
B: solve Az, = f — By, Iteration
C: solve Auy, = f — Axj. — Byj. 1,
Thtl = Tf + UL

=) ot |

/

Since it can be inefficient to solve the systems with A accu-
rately, we assume the computed solution v of some system
Av = b is an exact solution of (A + AA)v = b+ Ab with
|AA|| < 7||Af], ||Ab]| < 7||b]| and TK(A) < 1.

The gap between the residual in the Schur complement

system and the updated residual r,iw can be bounded as

_ O(T)k(A) ,  _
_BTa~! W) < A8 B|Y;
| f+Syr—r} ”—1_m(A)” BN+ BIYE),
where Y, = max;<;|y;||. Hence the accuracy in the

outer iteration does not depend on the back-substitution
scheme and the ultimate level of the residual in the
Schur complement system is proportional to 7.
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e

S 1k L XX Y=Y, oIVl

iteration number k

Residual in the Schur Forward errors

complements system

For the residuals in the system (1) we have the estimates
O(ay)k(A)
— — <
|f — Az, — Byg|| < 1_TK(A)(HfH+HBHYk>,
T )y o Ola)s(d) g
| =B a—r”| < gy LAHIBIICALA + 1B I1YE),

where
ap =71, ao = u for the scheme A,
a1 =171, ag = 7 for the scheme B,
a1 = u, ao = 1 for the scheme C.

The accuracy of the residuals f — Az;, — By, and —B' z;,
in the saddle point system thus depends on the back-
substitution scheme.

II-BTx, =B I, )

Scheme A

_gT _gT. W)
s [I-B X IVII=B x|l [ Iirg”ll

iteration number k

Scheme B

For the forward errors we have

T
|z — x|l < vllf — Az — Byg|| + 1ol — B x|,

ly — yill < 72llf — Az — Bygll + 23l — B ax.
where 71 = o, (A), 12 = £1/*(A)o, i (B), 13 = 0,,,(5)
and hence their are both proportional to 7 independently on
the back-substitution scheme.

‘ 3. Null-space projection method |

The null-space projection method uses the second equa-
tion of (1) indicating that = € N(B'). The solution vector
component = can be thus found by solving the projected
system PAPx = Pf, where P is the orthogonal projector
onto N(B'). This symmetric positive semidefinite system is
then solved iteratively producing iterates xz;. (k =0,1,2,...).
The corresponding iterate y;. is found as a least squares
solution of By, ~ f — Ax;. Such a back-substitution can
be performed in several ways and it is summarized in the
following algorithm:

choose x(, solve By ~ f — Ax

compute a;. and p](f) e N(B")

X
Tht1 = Tf + Oé/d?;(~C )

solve Bp]iy) S frl(f) — akAp](f) \
back-substitution: outer
Ay = g +pl<€y)7 > !nner. iteration
B: solve By, ~ f — Az, iteration
C: solve Bu, ~ f — Az — By,
Yk+1 = Yk T Uk )
i =i — oA = By }

The algorithm relies on the effective solution of least
squares problems with B. We assume that the computed
solution w of some problem Bw = cis an exact solution of
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(B + AB)w = ¢+ Ac, where ||AB|| < 7||B||, ||Ac|| < 7]|¢]|,
Tk(B) < 1.
The gap between the residual in the projected system and

its approximation r,ix) can be estimated as

O(7)k(B)

Pf— PAPz), — || < Al X

|Pf = PAPw = || < s U1+ A1),
where X; = max;<;||z;/| and thus the accuracy in

the projected system is ultimately proportional to
and it does not depend on the actual scheme.
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Residual in the projected Forward errors

system

For the residuals in (1) we have the bounds

T O(a3)k(B
If = Aoy = By = 7 < T+ 1416
T O(7)x(B)
|- BTyl < P IBIXG

with
a3 = u for the scheme A,
a3 = 7 for the scheme B,
a3 = u for the scheme C.

Hence the ultimate level of f — Az, — By; depends on the
actual back-substitution scheme which is not the case here
for the residual —B'z, affected only by the departure of

direction vectors p]@ from N(B™).
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The forward errors behave similarly as in the Schur comple-
ment reduction method — they do not depend on the actual
scheme and are ultimately proportional to 7.
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