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Introduction - model

Differential equation

−
∂

∂xi

„

aij(x, u)
∂u

∂xj

«

= f(x) in Ω

Boundary conditions

u(x) = 0 on ∂Ω

Iterative method
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aij(x, un)
∂un+1

∂xj

«
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Weak formulation

Coefficients

aij(x, u) = aji(x, u), i, j = 1, . . . n

νηiηi ≤ aij(x, u)ηiηj

| aij(x, u1) − aij(x, u2) | ≤ CL | u1 − u2 |, i, j = 1, . . . n

Variational equality

Z

Ω

aij(x, u)
∂u

∂xj

∂v

∂xi

dx =

Z

Ω

fudx,

Functional spaces

f ∈ L
2(Ω), u, v ∈ H

1
0 (Ω)
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1D homogenization - setting up

a(x, u) is measurable in x for all u, periodic in x with the period l

0 < γ ≤ a(x, u) ≤CM

|a(x, u1) − a(x, u2)| ≤CL |u1 − u2|

a
ε(x, u) =a

“x

ε
, u

”

Variational equations

d
Z

c

a
ε(x, u)

duε

dx

dv

dx
dx =

d
Z

c

a
ε
fvdx,

where uε, v ∈ H1
0 (c, d).

Mean value

〈w〉(u) =
1

l

l
Z

0

w(x, u)dx .
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1D homogenization - auxiliary lemma

Lemma 1 Let the function a(x, u) defined on R×R be bounded,

measurable in x for all u, periodic in x, and satisfy the assumption
above. Let uε(x) be a sequence of continuous functions defined on

the founded interval 〈c, d〉 such that the limit

u
ε → u

0 in C(〈c, d〉) as ε→ 0

holds. Then the following limit

a
ε(x, uε(x)) ⇀ 〈a〉(u0(x)) in L2(c, d) as ε→ 0

folds true.
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1D homogenization - main theorem

Theorem 1 Let the function a(x, u) defined on R×R be bounded,

measurable in x for all u, periodic in x, and satisfy the assumption
above. Let uε ∈ H1

0 (c, d) be the sequence of solutions . Then the

limits
u

ε(x) ⇀ u
0(x) in H1

0 (c, d) as ε→ 0 ,

ξ
ε(x) → ξ

0(x) in C (〈c, d〉) as ε→ 0

hold, where u0 is a solution to the variational equation

d
Z

c

a
0(x)

du0

dx
(x)v(x)dx =

d
Z

c

fvdx

which holds for all v ∈ H1
0 (c, d).

a
0(u) =

„fi

1

a

fl

(u)

«

−1

,

ξ
ε(x) = a

ε (x, uε(x))
duε(x)

dx
, ξ

0(x) = a
0 `

u
0(x)

´ du0(x)

dx
.
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Some auxiliary results

aij(x) are defined on a bounded domain with a Lipschitz boundary.

aij(x) = aji(x),

νξiξi ≤ aij(x)ξiξj

| aij(x) |≤CM , i, j = 1, . . . n

Linear variational equation
Z

Ω

aij(x)
∂u

∂xj

∂v

∂xi

dx =

Z

Ω

fvdx ,

where f ∈ L2(Ω) and u, v ∈ H1
0 (Ω).
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Auxiliary theorem

Theorem 2 Let aij(x), i, j,= 1, . . . n satisfy the assumptions above,

Ω is a bounded domain with a Lipschitz boundary and f ∈ Lp(Ω),
where p > n

2
. Then the solution to the variational equation is

continuous on Ω̄ and the inequality

| u(x) − u(y) |≤ CN‖f‖Lp(Ω) | x− y |λ

holds for any x, y ∈ Ω, where CN is a positive constant which
depends only on ν, CM , Ω, n and λ satisfy the inequalities

0 < λ < 1 and depends only ν, CM , Ω, n as well.
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Linear homogenization 1

Mean value

〈g〉(u) =
1

| Y |

Z

Y

g(x, u)dx ,

where Y = 〈0, l1〉 × . . .× 〈0, ln〉 and | Y |= l1 . . . ln.

Auxiliary variational equations
Z

Y

aij(x)

„

∂χk

∂xj

+ δjk

«

∂ψ

∂xi

dx = 0 , k = 1, . . . n ,

where the functions ψ , χk ∈ H1
per(Y ).

Homogenized coefficients

a
0
ij = 〈aij〉 +

fi

aik

∂χj

∂xk

fl

, i, j = 1, . . . n
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Linear homogenization 2

Let az
ij(x), z = 1, . . .m, i, j = 1, . . . n are periodic functions in x with

the period l = (l1, . . . ln), Ω be a domain which is divided into
subdomains Ωz, z = 1, . . .m.

ã
ε
ij(x) = a

z
ij

“x

ε

”

as x ∈ Ωz ,

ã
0
ij(x) = a

z,0
ij as x ∈ Ωz , i, j = 1, . . . n

Variational equations
Z

Ω

ã
ε
ij(x)

∂uε

∂xi

∂v

∂xi

dx =

Z

Ω

fvdx ,

Z

Ω

ã
0
ij

∂u0

∂xj

∂v

∂xi

dx =

Z

Ω

fvdx ,

where uε, u0 belong to H1
0 (Ω) and f belongs to L2(Ω).
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Linear homogenization 3

Theorem 3 Let uε, u0 be solutions to the variational equations
above, then the limits

u
ε
⇀ u

0 in H1
0 (Ω) as ε→ 0 ,

ξ
ε
i ⇀ ξ

0
i in L2(Ω) as ε→ 0 , i = 1, . . . n

hold, where

ξ
ε
i = ã

ε
ij

∂uε

∂xj

, ξ
0
i = ã

0
ij

∂u0

∂xj

, i = 1, . . . n.



Electrical transformer

Introduction - model

Introduction - references

Weak formulation

1D homogenization - setting up
1D homogenization - auxiliary

lemma
1D homogenization - main

theorem

Some auxiliary results

Auxiliary theorem

Linear homogenization 1

Linear homogenization 2

Linear homogenization 3

Homogenization - setting up

Homogenization - main theorem
Homogenization - laminated

material
Coefficients obtained

experimentally

SNA’06 16-20 January 2006 - p. 14

Homogenization - setting up

Study the following variational equations
Z

Y

aij(x, u)

„

∂χk(x, u)

∂xj

+ δjk

«

∂ψ

∂xi

dx = 0, k = 1, . . . n

which play the same role as the similar equation in linear
homogenization.

To guarantee the uniqueness, we study the equation on the space

W = {u ∈ H
1
per(Y ) |

Z

Y

udx = 0}

which is equipped with the classical norm on H1(Y ).

Homogenized coefficients

a
0
ij(u) = 〈aij〉(u) +

fi

aik

∂χj

∂xk

fl

(u) , i, j = 1, . . . n
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Homogenization - main theorem

Theorem 4 Let aij(x, u), i, j = 1 . . . n defined on Rn ×R be

bounded, measurable in x for all u, periodic in x, and satisfy the
assumptions above. Let Ω be a bounded domain in Rn with a

Lipschitz boundary and f ∈ Lp(Ω), where p > n

2
and p ≥ 2. Let

uε ∈ H1
0 (Ω) be solutions to the quasilinear variational equation

Z

Ω

a
ε
ij(x, u

ε)
∂uε

∂xj

∂v

∂xi

dx =

Z

Ω

fvdx

and u0 ∈ H1
0 (Ω) be a solution of the quasilinear variational

equations
Z

Ω

a
0
ij(u

0)
∂u0

∂xj

∂v

∂xi

dx =

Z

Ω

fvdx ,

where variational equations are fulfilled for all v ∈ H1
0 (Ω). Then the

limits

u
ε
⇀ u

0 in H1
0 (Ω) as ε→ 0 ,

ξ
ε
i ⇀ ξ

0
i in L2(Ω) as ε→ 0 , i = 1, . . . n

hold, where

ξ
ε
i (x) = a

ε
ij(x, u

ε)
∂uε

∂xj

, ξ
0
i (x) = a

0
ij(u

0)
∂u0

∂xj

, i = 1, . . . n .



Electrical transformer

Introduction - model

Introduction - references

Weak formulation

1D homogenization - setting up
1D homogenization - auxiliary

lemma
1D homogenization - main

theorem

Some auxiliary results

Auxiliary theorem

Linear homogenization 1

Linear homogenization 2

Linear homogenization 3

Homogenization - setting up

Homogenization - main theorem
Homogenization - laminated

material
Coefficients obtained

experimentally

SNA’06 16-20 January 2006 - p. 16

Homogenization - laminated material

General case – aij(x1, u), i, j = 1, . . . n x1 with the period l1.

a
0
11(u) =

fi

1

a11

fl

(u) ,

a
0
1j(u) =

fi

a1j

a11

fl

(u) , 2 ≤ j ≤ u ,

a
0
ij(u) =

fi

a1i

a11

fl

(u)

fi

a1j

a11

fl

(u) +

fi

aij −
a1ia1j

a11

fl

(u) , 2 ≤ i, j ≤ n

Isotopic materials aij(x1, u) = 0 if i 6= j

a
0
11(u) =

fi

1

a11

fl

(u) ,

a
0
ii(u) = 〈aii〉 (u) , 2 ≤ i ≤ n ,

a
0
ij(u) = 0 , i 6= j .
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Coefficients obtained experimentally

a
0
ij(u) = 0, i 6= j

a
0
22(u) = a

0
33(u)
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Thank you
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