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GRAM-SCHMIDT
ORTHOGONALIZATION

A = (a1, . . . , an) ∈ Rm,n

m ≥ rank(A) = n

orthogonal basis Q of span(A)

Q = (q1, . . . , qn) ∈ Rm,n, QTQ = In

A = QR, R upper triangular
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CLASSICAL/MODIFIED
GRAM-SCHMIDT

ALGORITHMS

classical Gram-Schmidt (CGS) process

Schmidt, 1907,1908

modi�ed Gram-Schmidt (MGS) process

Laplace, 1816, Cauchy, 1837

classical and modi�ed Gram-Schmidt are
mathematically equivalent, but they have

"di�erent" numerical properties
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CLASSICAL/MODIFIED
GRAM-SCHMIDT

ALGORITHMS

classical (CGS) modi�ed (MGS)

for j = 1, . . . , n for j = 1, . . . , n
uj = aj uj = aj
for k = 1, . . . , j − 1 for k = 1, . . . , j − 1

uj = uj − (aj, qk)qk uj = uj − (uj, qk)qk

end end
qj = uj/‖uj‖ qj = uj/‖uj‖

end end
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CLASSICAL/MODIFIED
GRAM-SCHMIDT

ALGORITHMS

�nite precision arithmetic:

Q̄ = (q̄1, . . . , q̄n), Q̄T Q̄ 6= In,

‖I − Q̄T Q̄‖ ≤?

A 6= Q̄R̄, ‖A− Q̄R̄‖ ≤?

R̄? , cond(R̄) ≤?

but are they really so di�erent?
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ILLUSTRATION (BJÖRCK,
1967)

A =




1 1 1

σ 0 0

0 σ 0

0 0 σ




Läuchli, 1961

κ(A) = σ−1(3 + σ2)1/2 ≈ σ−1
√

3, σ ¿ 1

σmin(A) = σ, ‖A‖ =
√

3 + σ2

assume �rst that σ2 ≤ ε, so fl(1 + σ2) = 1
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ILLUSTRATION

if no other rounding errors are made, the
matrices computed in CGS and MGS have

the following form:




1 0 0

σ − 1√
2
− 1√

2
0 1√

2
0

0 0 1√
2




,




1 0 0

σ − 1√
2
− 1√

6
0 1√

2
− 1√

6

0 0
√

2√
3
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ILLUSTRATION

CGS: (q̄3, q̄1) = −σ/
√

2, (q̄3, q̄2) = 1/2,
MGS: (q̄3, q̄1) = −σ/

√
6, (q̄3, q̄2) = 0

complete loss of orthogonality ( ⇐⇒ loss of
lin. independence, loss of (numerical) rank ):

σ2 ≤ ε (CGS), σ ≤ ε (MGS)

MGS: numerical full rank of A,

c(m, n)εκ(A) < 1

CGS: numerical nonsingularity of ATA,

c(m, n)εκ2(A) < 1
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GRAM-SCHMIDT PROCESS
VERSUS ROUNDING ERRORS

• modi�ed Gram-Schmidt (MGS):

assuming ĉ1εκ(A) < 1

‖I − Q̄T Q̄‖ ≤ ĉ2εκ(A)
1−ĉ1εκ(A)

Björck, 1967 , Björck, Paige, 1992

• classical Gram-Schmidt (CGS)?

‖I − Q̄T Q̄‖ ≤ c̃2εκ
n−1(A)

1−c̃1εκn−1(A)
?

Kielbasinski, Schwettlik, 1994

Polish version of the book, 2nd edition
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CLASSICAL GRAM-SCHMIDT
ORTHOGONALIZATION

uj = aj − ∑j−1
k=1 rk,jqk

= (I −Qj−1Q
T
j−1)aj

rj,j = ‖uj‖, qj = uj/rj,j

σmin(A) = σmin(R) ≤ |rj,j| =
‖uj‖ ≤ ‖aj‖ ≤ ‖A‖ = ‖R‖
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CLASSICAL GRAM-SCHMIDT
ORTHOGONALIZATION

ūj = aj − ∑j−1
k=1 r̄k,jq̄k + δuj

‖δuj‖ ≤ c0ε‖aj‖

q̄j = ūj/r̄j,j + δqj

‖δqj‖ ≤ (m + 4)ε

r̄j,j = ‖ūj‖ + δrj,j

|δrj,j| ≤ (m + 2)/2ε‖ūj‖
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A + δA =
¯Q ¯R

‖δA‖ ≤ c1ε‖A‖

ATA + E =
¯RT ¯R!

‖E‖ ≤ c2ε‖A‖2
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CLASSICAL GRAM-SCHMIDT
ORTHOGONALIZATION

r̄i,j = (aj, q̄i) + δri,j, |δri,j| ≤ mε‖q̄i‖‖aj‖

q̄i = ūi/r̄i,i + δqi, ‖δqi‖ ≤ (m + 4)ε

ūi = ai − ∑i−1
k=1 r̄k,iq̄k + δui,

‖δui‖ ≤ c0ε‖ai‖

r̄i,ir̄i,j = (aj, ai)− ∑i−1
k=1 r̄k,ir̄k,j + . . .
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COMPUTED UPPER TRIANGULAR
FACTOR IN CLASSICAL

GRAM-SCHMIDT

ATA + E = R̄T R̄

‖E‖ ≤ c2ε‖A‖2

assuming c2εκ
2(A) < 1

‖R̄−1‖ ≤ 1
σmin(A)

[
1−c2εκ

2(A)
]1/2
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THE LOSS OF ORTHOGONALITY IN
CLASSICAL GRAM-SCHMIDT

assuming c2εκ
2(A) < 1

‖I − Q̄T Q̄‖ ≤ c3εκ
2(A)

1−c2εκ
2(A)

A + δA = Q̄R̄, ATA + E = R̄T R̄

R̄T (I − Q̄T Q̄)R̄ =

−(δA)TA−ATδA− (δA)TδA + E

‖I − Q̄T Q̄‖ ≤(
2‖δA‖‖A‖ + ‖δA‖2 + ‖E‖

)
‖R̄−1‖2
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NUMERICAL EXAMPLE

A =




1 . . . 1

σ
. . .

σ




Läuchli, 1961
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j ‖I − Q̄T
j Q̄j‖ ‖I − (AL̄−T )TAL̄−T‖

σ = 10−7:
1 0.0000e+00 0.0000e+00
2 1.6266e-09 1.2045e-02
3 1.3280e-02 1.6991e-02
4 1.6491e-02 2.0117e-02

σ = 10−4:
1 0.0000e+00 0.0000e+00
2 2.7747e-13 1.0775e-09
3 2.2646e-09 6.0774e-09
4 2.9616e-09 6.0774e-09



GRAM-SCHMIDT PROCESS
VERSUS ROUNDING ERRORS

• modi�ed Gram-Schmidt (MGS): assuming
ĉ1εκ(A) < 1

‖I − Q̄T Q̄‖ ≤ ĉ2εκ(A)
1−ĉ1εκ(A)

Björck, 1967, Björck, Paige, 1992

• classical Gram-Schmidt (CGS): assuming
c2εκ

2(A) < 1

‖I − Q̄T Q̄‖ ≤ c3εκ
2(A)

1−c2εκ2(A)
!

Giraud, Van den Eshof, Langou, R, 2004
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