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GRAM-SCHMIDT
ORTHOGONALIZATION

A - A1y .. .4 0An) - Rm’n
m > rankA) = n

orthogonal basis @ of span(A)

Q=1(q1,-..,qn) € R™", QTQ = Iy
A=QR, R upper triangular



CLASSICAL/MODIFIED
GRAM-SCHMIDT
ALGORITHMS

classical Gram-Schmidt (CGS) process

Schmidt, 1907,1908

modified Gram-Schmidt (MGS) process

Laplace, 1816, Cauchy, 1837

classical and modified Gram-Schmidt are
mathematically equivalent, but they have
"different” numerical properties



CLASSICAL/MODIFIED
GRAM-SCHMIDT
ALGORITHMS

classical (CGS) modified (MGS)

forg=1,...,n forj=1,...,n
uj:aj uj:aj
fork=1,...,7—1 fork=1,...,5—1

Uj = Uj — (a,j, qr)qk Uj = Uj — (Uja ak)qx

end end

q; = u;/||ull q; = u;/||ull
end end



CLASSICAL/MODIFIED
GRAM-SCHMIDT
ALGORITHMS

finite precision arithmetic:

Q — (le: .. °7qn)1 QTQ # In,
I —Q*Ql <

AZ#QR, [|[A-QR| <7

R? , cond(R) <7

but are they really so different?



ILLUSTRATION (BJORCK,
1967)

(11 1)
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Lauchli, 1961

KA) =13+ 2x o7 1V3, o<« 1

omin(A) =0, [|A] = \/3+0°

assume first that o <¢, so fi(1 +¢?) =1



ILLUSTRATION

If no other rounding errors are made, the
matrices computed in CGS and MGS have
the following form:
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ILLUSTRATION

CGS: (3,q1) = —0/V2, (@3, ) = 1/2,
MGS: (g3,q1) = —o/V6, (g3, q2) =0

complete loss of orthogonality ( <= loss of
lin. independence, loss of (numerical) rank ):
o2 <e (CGS), o0 <e (MGS)
MGS: numerical full rank of A,
c(m,n)er(A) < 1

CGS: numerical nonsingularity of AT A,

c(m,n)er?(A) < 1



GRAM-SCHMIDT PROCESS
VERSUS ROUNDING ERRORS

e modified Gram-Schmidt (MGS):

assuming ¢jex(A) < 1

I1-Q7Q| < 2.

Bjorck, 1967 , Bjorck, Paige, 1992

e classical Gram-Schmidt (CGS)?

- n—1
_ ATA Coek " (A) o
11 - Q' Q| < [—éiern—L(A)"

Kielbasinski, Schwettlik, 1994

Polish version of the book, 2nd edition



CLASSICAL GRAM-SCHMIDT
ORTHOGONALIZATION

Uj = Zk 1 Tk,j9k

— (I — Qj—l@j_1> J

rig = lluills @5 = wj/rj;

Omin(A) = Omin(R) < ’T ‘
ujl| < flaj]] < HAH = | H
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CLASSICAL GRAM-SCHMIDT
ORTHOGONALIZATION

L
Uj = aj — Y4 T jdk + Ou;
[6u;|| < coella,l|

qj = uj/Tjj +0g;
16g;]| < (m+4)e

i = lull +or;;
675 5] < (m+2)/2¢]|u|
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AL 5A-QR
[0A[ < ciel|Al

AYA L E-R'R
|E|| < cel|All°
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CLASSICAL GRAM-SCHMIDT
ORTHOGONALIZATION
i = (aj, q;) +0r; 5, |0m; ;| < mel|glll|a;l]
G = U;/Ti i+ 0q;, ||0g;]] < (m+4)e

U; = Q5 — 22;11 TliQk + 0U;,
10u;]| < cpelas|

_ 1—1 - _
T,iTi,j = (@j,Q4) — Zp 1Tk iTkj+ -

13



COMPUTED UPPER TRIANGULAR
FACTOR IN CLASSICAL
GRAM-SCHMIDT

ATA+E-RIR
1E| < coe|| A2

assuming cer?(A) < 1

R—l < 1
S o] 7

14



THE LOSS OF ORTHOGONALITY IN
CLASSICAL GRAM-SCHMIDT

assuming coer?(A) < 1

~ ~ C 8/4,2
I1-QTQ| < {2t

A+3A=QR, AA+ E=R!'R

R'(I-Q'QR =
—(6ATA - ATSA — SALSA+ E

II-Q'Ql<
2SANIAN + IBAI? + |E]) 1R~
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NUMERICAL EXAMPLE

(1 ... 1)

Lauchli, 1961
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11— Q7 Qyl

0.0000e+-00
1.6266e-09
1.3280e-02
1.6491e-02

0.0000e+4-00
2.7747e-13

2.2646e-09

2.9616e-09

11— (AL=")T AL

0.0000e+4-00
1.2045e-02
1.6991e-02
2.0117e-02

0.0000e+4-00
1.0775e-09
6.0774e-09
6.0774e-09



GRAM-SCHMIDT PROCESS
VERSUS ROUNDING ERRORS

e modified Gram-Schmidt (MGS): assuming
élé‘/ﬁ:(A) < 1

I1-QTQ| < ;25

Bjorck, 1967, Bjorck, Paige, 1992
e classical Gram-Schmidt (CGS): assuming
(226/{2(A> <1

11— QTQ < 8t

Giraud, Van den Eshof, Langou, R, 2004
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