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GRAM-SCHMIDT PROCESS AS
QR ORTHOGONALIZATION

A = (a1, . . . , an) ∈ Rm,n

m ≥ rank(A) = n

orthogonal basis Q of span(A)

Q = (q1, . . . , qn) ∈ Rm,n, QTQ = In

A = QR, R upper triangular (ATA = RTR)
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CLASSICAL AND MODIFIED
GRAM-SCHMIDT ALGORITHMS

• classical Gram-Schmidt (CGS) process

Schmidt, 1907,1908

• modified Gram-Schmidt (MGS) process

Laplace, 1816, Cauchy, 1837

classical and modified Gram-Schmidt are mathematically equiv-

alent, but they have ”different” numerical properties

classical Gram-Schmidt can be ”quite unstable”, can ”quickly”

lose all semblance of orthogonality
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GRAM-SCHMIDT PROCESS VERSUS
ROUNDING ERRORS

• modified Gram-Schmidt (MGS):

assuming ĉ1uκ(A) < 1

‖I − Q̄T Q̄‖ ≤ ĉ2uκ(A)
1−ĉ1uκ(A)

Björck, 1967 , Björck, Paige, 1992

• classical Gram-Schmidt (CGS)?

‖I − Q̄T Q̄‖ ≤ c̃2uκn−1(A)
1−c̃1uκn−1(A)

?

Kielbasinski, Schwettlik, 1994

Polish version of the book, 2nd edition
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TRIANGULAR FACTOR FROM
CLASSICAL GRAM-SCHMIDT VS.
CHOLESKY FACTOR OF THE
CROSS-PRODUCT MATRIX

exact arithmetic:

ri,j =
(

aj, qi

)

=





aj,
ai −

∑i−1
k=1 rk,iqk

ri,i







=
(aj, ai) −

∑i−1
k=1 rk,irk,j

ri,i

The computation of R in the classical Gram-Schmidt is closely

related to the left-looking Cholesky factorization of the cross-

product matrix ATA = RTR
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r̄i,j = fl(aj, q̄i) = (aj, q̄i) + ∆e
(1)
i,j

=





aj,
f l(ai −

∑i−1
k=1 q̄kr̄k,i)

r̄i,i
+ ∆e

(2)
i





+ ∆e
(1)
i,j

r̄i,ir̄i,j =



aj, ai −
i−1
∑

k=1

q̄kr̄k,i + ∆e
(3)
i





+ r̄i,i

[

(aj,∆e
(2)
i ) + ∆e

(1)
i,j

]

= (ai, aj) −
i−1
∑

k=1

r̄k,i[r̄k,j − ∆e
(1)
k,j ]

+ (aj,∆e
(3)
i ) + r̄i,i

[

(aj,∆e
(2)
i ) + ∆e

(1)
i,j

]
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CLASSICAL GRAM-SCHMIDT PROCESS:
COMPUTED TRIANGULAR FACTOR

∑i
k=1 r̄k,ir̄k,j = (ai, aj) + ∆ei,j

ATA + ∆E1 = R̄T R̄!

‖∆E1‖ ≤ c1u‖A‖2

The CGS process is another way how to compute a backward

stable Cholesky factor of the cross-product matrix ATA!
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CLASSICAL GRAM-SCHMIDT PROCESS:

COMPUTED TRIANGULAR FACTOR

ATA + ∆E1 = R̄T R̄ , ‖∆E1‖ ≤ c1ε‖A‖2

assuming c1εκ2(A) < 1,

‖R̄−1‖ ≤ 1

σmin(A)[1−c1εκ2(A)]
1/2, ‖R̄‖ ≤ ‖A‖

[

1 + c1εκ2(A)
]1/2

A + ∆E2 = Q̄R̄, ‖∆E2‖ ≤ c2ε‖A‖
8



CLASSICAL GRAM-SCHMIDT PROCESS: THE LOSS
OF ORTHOGONALITY

ATA + ∆E1 = R̄T R̄, A + ∆E2 = Q̄R̄

R̄T(I − Q̄T Q̄)R̄ =
−(∆E2)

TA − AT∆E2 − (∆E2)
T∆E2 + ∆E1

assuming c1εκ2(A) < 1

‖I − Q̄T Q̄‖ ≤ c3uκ2(A)
1−c1uκ2(A)
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GRAM-SCHMIDT PROCESS VERSUS
ROUNDING ERRORS

• modified Gram-Schmidt (MGS): assuming ĉ1uκ(A) < 1

‖I − Q̄T Q̄‖ ≤ ĉ2uκ(A)
1−ĉ1uκ(A)

Björck, 1967, Björck, Paige, 1992

• classical Gram-Schmidt (CGS): assuming c1uκ2(A) < 1

‖I − Q̄T Q̄‖ ≤ c3uκ2(A)
1−c1uκ2(A)

!

Giraud, Van den Eshof, Langou, R, 2004
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LEAST SQUARES PROBLEM WITH
CLASSICAL GRAM-SCHMIDT

‖b − Ax‖ = minu ‖b − Au‖, r = b − Ax

ATAx = AT b

r̄ = (I − Q̄Q̄T)b + ∆e1

(R̄ + ∆E3)x̄ = Q̄T b + ∆e2

‖∆e1‖, ‖∆e2‖ ≤ c0u‖b‖, ‖∆E3‖ ≤ c0u‖R̄‖
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LEAST SQUARES PROBLEM WITH
CLASSICAL GRAM-SCHMIDT

R̄T(R̄ + ∆E3)x̄ = (Q̄R̄)T b + R̄T∆e2

(ATA + ∆E1 + R̄T∆E3)x̄ = (A + ∆E2)
T b + R̄T∆e2

(ATA + ∆E)x̄ = AT b + ∆e

‖∆E‖ ≤ c4u‖A‖2, ‖∆e‖ ≤ c4u‖A‖‖b‖

13



LEAST SQUARES PROBLEM WITH
CLASSICAL GRAM-SCHMIDT

‖r̄−r‖
‖b‖ ≤ κ(A)(2κ(A) + 1) c5u

[1−c1)uκ2(A)]1/2

‖x̄−x‖
‖x‖ ≤ κ2(A)

(

2 +
‖r‖

‖A‖‖x‖

)

c5u
1−c1uκ2(A)

The least square solution with classical Gram-Schmidt has the

same forward error bound as the normal equation method:

R̄ − Q̄TA = R̄ − R̄−T (A + ∆E2)
TA = −R̄−T [∆E1 + (∆E2)

TA]

Björck, 1967
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THE ARNOLDI PROCESS AND THE GMRES
METHOD WITH THE CLASSICAL

GRAM-SCHMIDT PROCESS

Vn = [v1, v2, . . . , vn]

[r0, AVn] = Vn+1[‖r0‖e1, Hn+1,n]
Hn+1,n is an upper Hessenberg matrix

Arnoldi process is a (recursive) column-oriented
QR decomposition of the (special) matrix [r0, AVn]!

xn = x0 + Vnyn, ‖‖r0‖e1 − Hn+1,nyn‖ = min
y

‖‖r0‖e1 − Hn+1,ny‖
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THE GRAM-SCHMIDT PROCESS IN THE
ARNOLDI CONTEXT: LOSS OF

ORTHOGONALITY

• modified Gram-Schmidt (MGS):

‖I − V̄ T
n+1V̄n+1‖ ≤ c̄1uκ([v̄1, AV̄n])

Björck, Paige 1967, 1992

• classical Gram-Schmidt (CGS):

‖I − V̄ T
n+1V̄n+1‖ ≤ c̄2uκ2([v̄1, AV̄n])

Giraud, Langou, R, Van den Eshof 2004
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CONDITION NUMBER IN ARNOLDI VERSUS
RESIDUAL NORM IN GMRES

The loss of orthogonality in Arnoldi is controlled by the conver-

gence of the residual norm in GMRES:

‖I − V̄ T
n+1V̄n+1‖ ≤ c̄αuκα([v̄1, AV̄n]), α = 1, 2

Björck 1967, Björck and Paige , 1992

Giraud, Langou, R, Van den Eshof 2003

κ([v̄1, AV̄n]) ≤
‖[v̄1,AV̄n]‖

‖r̂n‖
‖r̄0‖

[1+
‖ŷn‖2

1−δ2n
]1/2

‖r̂n‖
‖r̄0‖

= ‖v̄1 − AV̄nŷn‖ = miny‖v̄1 − AV̄ny‖ , δn =
σn+1([v̄1,AV̄n])

σn(AV̄n)
< 1

Paige, Strakoš, 2000-2002

Greenbaum, R, Strakoš, 1997
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THE GMRES METHOD WITH THE
GRAM-SCHMIDT PROCESS

The total loss of orthogonality (rank-deficiency) in the Arnoldi

process with Gram-Schmidt can occur only after GMRES reaches

its final accuracy level:

• modified Gram-Schmidt (MGS):
‖r̂n‖‖

‖r̄0‖[1+
‖ŷn‖2

1−δ2n
]1/2

≈ c̄1[v̄1, AV̄n]‖u

see the talk of Chris Paige

• classical Gram-Schmidt (CGS):
‖r̂n‖

‖r̄0‖[1+
‖ŷn‖2

1−δ2n
]1/2

≈
[

c̄2‖[v̄1, AV̄n]‖u
]1/2
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THE FLOATING POINT GMRES METHOD
WITH THE GRAM-SCHMIDT PROCESS AS

INEXACT KRYLOV METHOD

[v̄1, AV̄n] = V̂n+1[e1, H̄n+1,n] + [∆f1,∆Fn]

V̂ T
n+1V̂n+1 = I,

‖I−V̄ T
n+1V̄n+1‖

1+‖V̄n+1‖
≤ ‖V̄n+1 − V̂n+1‖ ≤ ‖I − V̄ T

n+1V̄n+1‖

(A + En)V̂n+1 = V̂n+1H̄n+1,n

En =
[

A(V̄n − V̂n) − ∆Fn

]

V̂ T
n
Simoncini, Szyld, 2003

van den Eshof, Sleijpen, 2004

Giraud, Gratton, Langou, 2004
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THE FLOATING POINT GMRES METHOD
WITH THE GRAM-SCHMIDT PROCESS AS

INEXACT KRYLOV METHOD

The computed upper Hessenberg matrix H̄n+1,n satisfies the

exact Arnoldi recurrence for the perturbed matrix A + En and

initial vector v̂1

‖I − V̄ T
n+1V̄n+1‖ ≈ ‖En‖/‖A‖ ր cα(m, n)uκα([v̄1, AV̄n]), α = 1, 2

κ([v̄1, AV̄n]) ≤
‖[v̄1,AV̄n]‖

‖r̂n‖
‖r̄0‖

[1+
‖ŷn‖2

1−δ2n
]1/2

Paige, Strakoš, 2000-2002
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