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GRAM-SCHMIDT PROCESS AS
QR ORTHOGONALIZATION

A= (CLl,...,CLn) - Rm’n
m > rank(A) = n

orthogonal basis @ of span(A)

Q=1(q1,---,qn) €ER™", QTQ =1,
A = QR, R upper triangular (A1A = RTR)



CLASSICAL AND MODIFIED
GRAM-SCHMIDT ALGORITHMS

e classical Gram-Schmidt (CGS) process

Schmidt, 1907,1908

e modified Gram-Schmidt (MGS) process

Laplace, 1816, Cauchy, 1837

classical and modified Gram-Schmidt are mathematically equiv-
alent, but they have " different” numerical properties

classical Gram-Schmidt can be ” quite unstable”, can ” quickly”
lose all semblance of orthogonality



GRAM-SCHMIDT PROCESS VERSUS
ROUNDING ERRORS

e modified Gram-Schmidt (MGS):

assuming cijux(A) < 1

11— QTQIl < {22

Bjorck, 1967 , Bjorck, Paige, 1992
e classical Gram-Schmidt (CGS)?

= n—1
_ ATA cour™ *(A) -
11— QTQI| < 7216 s

Kielbasinski, Schwettlik, 1994
Polish version of the book, 2nd edition
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TRIANGULAR FACTOR FROM
CLASSICAL GRAM-SCHMIDT VS.
CHOLESKY FACTOR OF THE
CROSS-PRODUCT MATRIX

exact arithmetic:

1—1
. . a; — 2p.—1 Tk,idk
rij = (aj,a) = |aj =
1,0
(a;,a;) — 1—1 PO
_ \G5,04 2 =1 TkiTk,j
Ti,4

The computation of R in the classical Gram-5Schmidt is closely
related to the left-looking Cholesky factorization of the cross-
product matrix ATA = RTR
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Ti,iTi,j

fl(aj’ a’t) — (a,J, Cjz) (’i)

fl(a; — Zk 1 a7k z) | Ae,EQ)) + Ae,&-)

!
Tz,z

i—1
(aj, a; — . QkTk; T Aeg?’))
k=1
Tii [(aj, Ae@)) + Aegl.)]
i—1 W
(a;,a;5) — k§1 Pl — Dep 7]
(ag, Ae( )) + 75 [(a], Ae(2)) + Ae<1)]

6



CLASSICAL GRAM-SCHMIDT PROCESS:
COMPUTED TRIANGULAR FACTOR

Se1 TkiTk; = (a4,a5) + Ae;

ATA+ AE; = RTR)
|AE1|| < crullA||2

The CGS process is another way how to compute a backward
stable Cholesky factor of the cross-product matrix AT Al
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CLASSICAL GRAM-SCHMIDT PROCESS:
COMPUTED TRIANGULAR FACTOR

ATA+ AE; = R'R | |AE1]| < c1e]|A||?

assuming ciex2(A) < 1,

— — 1/2
IR < et s IR < AN 1+ eaen?(a)]

A+ AE> = QR,

|IAES|| < exe||A



CLASSICAL GRAM-SCHMIDT PROCESS: THE LOSS
OF ORTHOGONALITY

A'A+ AE{=R'R, A+ AE>, =QR

. RIUI-Q'QR=
—(AE)TA—-ATAE>, — (AE)TAE> + AEq

assuming c1ex2(A) < 1

) ) C UKJQ
11— QTQI < 1= 50



GRAM-SCHMIDT PROCESS VERSUS
ROUNDING ERRORS

e modified Gram-Schmidt (MGS): assuming ¢cjux(A) < 1

11— QTQIl < ;22

Bjorck, 1967, Bjorck, Paige, 1992

e classical Gram-Schmidt (CGS): assuming cjur2(A) < 1

N N C UK‘,Q
IT-Q7Ql < 275!

Giraud, Van den Eshof, Langou, R, 2004
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10‘16 I I I I I

1 2 3 4 5 6 7 8
logarithm of the condition number K(Ak)

Stewart, " Matrix algorithms” book, p. 284, 1998
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LEAST SQUARES PROBLEM WITH
CLASSICAL GRAM-SCHMIDT

|1b — Az|| = ming ||b — Aul|, r =b— Ax
AT Az = AT

r=(I—-QQ1)b+ Aey
(R+ AE3)T = Qb+ ey

[Ae1]l; | Aezll < coullbll, |AES]| < coul R|
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LEAST SQUARES PROBLEM WITH

(AT A

CLASSICAL GRAM-SCHMIDT

AEq

RI'AERT = (A

RY'(R+ AE3)T = (QR)1b+ R Ney

AE>)LD

(ATA+ AE)Z = Al + Ae

IAE|| < caullAll?, [|Aell < cqullAll|jb]

RY Aes
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LEAST SQUARES PROBLEM WITH
CLASSICAL GRAM-SCHMIDT

T < (A (2R(A) + 1) g S oo
|z—x| 2 ||| cel
S < 2 (2 + i) 1o

The least square solution with classical Gram-Schmidt has the

same forward error bound as the normal equation method:

R—-QTA=R-RT(A+AE)TA=—-RTIAE{+ (AE)TA]
Bjorck, 1967
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THE ARNOLDI PROCESS AND THE GMRES
METHOD WITH THE CLASSICAL
GRAM-SCHMIDT PROCESS

Vin = [v1,v9, ..., v5]

[rg, AVp] = Vn—l—l[HTOHela Hn—l—l,n]

Hn_|_17n IS an upper Hessenberg matrix

Arnoldi process is a (recursive) column-oriented
QR decomposition of the (special) matrix [rg, AV,]!

rn = 20 + Vayn, |ll|lroller — Hp41.nynll = min lllroller — Hp4-1.n¥ll
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THE GRAM-SCHMIDT PROCESS IN THE
ARNOLDI CONTEXT: LOSS OF
ORTHOGONALITY

e modified Gram-Schmidt (MGS):
11— VL Vgl < Grus([o1, AVR])

Bjorck, Paige 1967, 1992

e classical Gram-Schmidt (CGS):
1T = VL Vgl < cous?([v1, AVR))

Giraud, Langou, R, Van den Eshof 2004
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CONDITION NUMBER IN ARNOLDI VERSUS
RESIDUAL NORM IN GMRES

The loss of orthogonality in Arnoldi is controlled by the conver-
gence of the residual norm in GMRES:

||I — ‘77?4_1‘777,4—1” < Eau"?a([’ElaAVn]); a=1,2

Bjorck 1967, Bjorck and Paige , 1992
Giraud, Langou, R, Van den Eshof 2003

oo, AVal) < 77 ||[61’1\?@V7ﬁ]2”1 >
ol 112521

ol
— ||7_11 — A‘_/ngnn = miny”"_fl — A‘_/nyH , Op =

<

<

D <o

Paige, Strakos, 2000-2002
Greenbaum, R, Strakos, 1997
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THE GMRES METHOD WITH THE
GRAM-SCHMIDT PROCESS

The total loss of orthogonality (rank-deficiency) in the Arnoldi
process with Gram-Schmidt can occur only after GMRES reaches
its final accuracy level:

e modified Gram-Schmidt (MGS):

I7lll a5, AT
1[v1, AVn]||u
HTO||[1‘|‘”ynH2]1/2

see the talk of Chris Paige

e classical Gram-Schmidt (CGS):

y e - 1/2
HTHJLH — = [eof[01, AVa] 4] /
7ol [+ 2] /
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relative true residual norms
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THE FLOATING POINT GMRES METHOD
WITH THE GRAM-SCHMIDT PROCESS AS
INEXACT KRYLOV METHOD

[UlvAVn] — n—|—1[617 n+1, n] + [Aflv AFn]

B ) %

n—I—l ‘|‘1||  / R ¥
1+||Vn—|—1|| < ||Vn—|—1 Vn—l—l” < HI V -|-1Vn—|—1||

(A+E)Vir1 = Vor1Hnt1 1

En = [A(Vn — V) — AFn] v
Simoncini, Szyld, 2003
van den Eshof, Sleijpen, 2004
Giraud, Gratton, Langou, 2004
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THE FLOATING POINT GMRES METHOD
WITH THE GRAM-SCHMIDT PROCESS AS
INEXACT KRYLOV METHOD

The computed upper Hessenberg matrix ﬁn+1,n satisfies the
exact Arnoldi recurrence for the perturbed matrix A 4+ &, and
initial vector vy

1=V Vil = IEN/NAN 7 calm, n)us®([o1, AVR]),  a=1,2

|[7_)1>A‘7n]2||
| Ignll©11/2
1+ /

w([51, AVa]) < 5

Paige, Strakos, 2000-2002

22



