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ABSTRACT: The paper concerns numerical modelling of complicated GeoTechnical problems as mine stability,
performance of underground radioactive waste repositories or microstructure modelling of geocomposites. The
modelling uses finite elements and parallel computing based on overlapping domain decomposition. Important
implementation issues for this approach are discussed: inexact solution of subproblems, creation of a global
approximation of the problem by aggregation, stabilization of the outer CG type method and programming with
the aid of MPI or OpenMP. The domain decomposition technique is also applied to the solution of saddle point
systems arising from the use of mixed finite element method (FEM).

1 Introduction

The paper is organized as follows. First, it provides three examples of geotechnical rock engineering problems
which require mathematical modelling by usage of efficient numerical methods and powerful parallel computers.
These examples give a motivation and exploit numerical methods, which are described in the next section.
Finally, numerical results, which illustrate parallel solution of a model thermo-elasticity problem, are described.

The presented paper deals mainly with modelling of thermal and mechanical processes in rocks, which are
important for the assessment of many geotechnical projects including deep underground deposition of the spent
nuclear fuel. The hydogeological aspect is only shortly mentioned and will be described more deeply elsewhere.
Our interest is focused on the finite element analysis of the processes. The application of parallel computing is
easy for assembling the finite element matrices or other element-by-element computations and the crucial task
is the development of parallel solution methods for arising linear algebraic systems. Here, the use of
parallelizable iterative solution methods with parallelizable preconditioning is crucial.

The considered iterative solution approach is based on overlapping domain decomposition and Schwarz-type
preconditioning methods, see (Toselli and Widlund, 2005). For elliptic problems, well represented by linear
elasticity or stationary heat conduction, we use Schwarz-type methods using both subproblems defined on
subdomains and additionally a subproblem representing a coarse discretization of the whole problem. We show
that such preconditioning can be efficiently implemented with inexact solution of the subproblems and with
coarse discretization, which is constructed algebraically by aggregation. Then the solution method is of a black-
box type and can be successfully applied to the solution of many geotechnical problems, see (Blaheta et al.,
2006; 2007a).

The evolution heat transfer problems can be solved by time stepping algorithms. In this case, we show that for
time steps appearing from standard adaptive time stepping schemes, the Schwarz-type methods are very
efficient even without any additional coarse discretization (Blaheta et al., 2007a).

The newest results have been obtained for the systems arising from solving Darcy flow problems by mixed finite
elements, which guarantee local conservativeness and good approximation of velocities (Chen et al., 2006).
Then the finite element matrices are not further positive definite and application of the Schwarz method is not
direct, see (Toselli and Widlund, 2005). From several ways how to overcome this situation, we shall show one
technique based on grad-div-Schwarz preconditioner, see (Blaheta, 2006b; Blaheta et al., 2008).

2 Complex GeoTechnical problems

This section provides three examples of geotechnical problems which motivate the use of efficient numerical
methods and powerful parallel computers.



¢

ok 2 209
% Q & th .
|/ » The 127 International Conference of

International Association for Computer Methods and Advances in Geomechanics (IACMAG)

B~ 1-6 October, 2008

Goa, India

2.1 Stability of mine openings

An extensive finite element analysis of stability of mining openings at the uranium mine GEAM Dolni Rozinka
was performed in the years 1996-2002, see Fig. 1. The final conclusions of this analysis advocate the use of a
new mining technology (underhand stoping) and safety of mining in greater depths 950-1100 meters under the
surface. At present, the GEAM mine prolonged its production life and new plans assume mining at depths up to
1200 meters. Therefore a new very large modelling will be performed in a near future.

T
R

Figure 1. Cross section through Rozna deposit with modelled area left-down and the computational grid.

More details concerning the past finite element modelling for GEAM can be found in (Blaheta et al., 2006). Let
us summarize the main features taken into account for the construction of the numerical model:

the uranium ore is located in several meters thick veins coupled in zones of thickness from 4 to 20 meters,
see Fig. 1,

our domain of interest has dimensions 1430x550x600 metres,

according to the initial stress measurement by the hydrofracturing method, the mechanical loading is given by
horizontally anisotropic initial stress and weight of rocks.

The performed finite element analysis

uses a basic global discretization with linear triangular finite elements and the grid of 124x137x76 nodes,
assumes linear elastic behaviour of all materials (ore, surrounding rocks, crushed goaf material) and results
in elastic model with almost 4 million DOFs,

meets with a big difference between the scale of the whole domain (hundreds of meters) and dimensions of
veins and mine openings (metres, decimetres). It requires highly refined mesh and/or some multiscale
approach. We used the composite grid method, see (Blaheta et al., 2006),

simulates the loading by a general anisotropic initial stress by using pure force boundary condition. If different
weights of rocks are considered, then analysis leads to a singular slightly inconsistent linear algebraic system
and seeking for its generalized solution.

The numerical solution is performed with the aid of an in-house FEM software called GEM, which implements
the following numerical methods including a black-box two-level Schwarz preconditioning (Blaheta et al., 2006):

iterative solution of the large scale linear system by the CG method,

use of parallel computation of the iterations with the aid of data partition corresponding to a domain
decomposition (DD), see Fig. 5,

preconditioning of the CG method by Schwarz type overlapping DD method with subproblems corresponding
to subdomains solved approximately by incomplete factorization,

improved Schwarz preconditioning by adding a global coarse problem in an additive or multiplicative way. The
coarse problem is created algebraically by aggregation,

approximate solution of the coarse problem by inner CG iterations preconditioned by incomplete factorization,
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= stabilization of the outer CG by explicit orthogonalization of the search directions, see (Blaheta, 2002). It
enables to use inner CG iterations as well as nonsymmetric multiplicative combinations of overlapping
Schwarz preconditioner with the coarse problem solution,

= stabilization of the iterative solution of singular system by deflation (Blaheta 2006a).

2.2 Underground deposition of spent nuclear fuel

Whereas the modelling of previous section concerns only the mechanical behaviour of rocks, the assessment of
nuclear waste repository includes mechanical behaviour, thermal loading and groundwater flow with transport of
species, especially of radionuclides. Thus the mathematical analysis considers thermo-hydro-mechanical
processes (T-H-M) plus chemistry (C). The chemistry becomes important due to very long time periods for which
the repository should operate as a barrier between the radioactive waste and the environment. In many cases,
the T-H-M-C processes should be considered as coupled, see e.g. (Stephansson et al., 2004).

Figure 2. Aspo prototype repository: the considered domain and detail with two deposition holes.
Discretization uses a regular grid.

A simple example of problems arising from mathematical simulation of performance of underground nuclear
waste repositories is modelling of thermoelastic aspects of the prototype repository experiment in the
underground hard rock laboratory in Aspo in Sweden, see Fig. 2 and also (Cleall et al., 2006), (Blaheta et al.,
2005; 2007) for more details and material parameters. The basic features of this modelling are the following:

= 3D domain of interest has dimensions 200x100x200 metres, this domain contains tunnel with six deposition
holes equipped with canisters (heaters),

= the mechanical loading is given by the weight of rocks and the overburden,

= thermoelastic behaviour is considered in the period of 50 years after installation of canisters.

The finite element analysis uses

= the discretization with linear triangular finite elements and with a regular grid containing 391x63x105=2 586
465 nodes. It means that more than 2.5 million DOFs is used for heat conduction and more than 7.75 million
DOFs for elasticity,

= the FE grid which again reflects a big difference between the scale of the whole domain (hundreds of meters)
and dimensions of canisters, deposition holes and pillars (metres, centimetres). It requires highly refined
mesh or multiscale approach.

The problem is again solved by the in-house GEM software, which implements the following numerical methods,
cf. (Blaheta et al., 2005; 2007a):

= time discretization by a backward Euler method, which guarantees full stability without any oscillations of the
solution,

= time step determination by adaptive scheme based on a comparison of the first and second order
approximation in time, see (Blaheta et al., 2004),

= jterative solution of large scale linear systems by CG method and parallel computation of the iterations with
the aid of data partition corresponding to domain decomposition,
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= preconditioning of the CG method by Schwarz type DD method, the subdomain subproblems are solved
approximately by incomplete factorization,

= improved preconditioning of elasticity part by adding a coarse problem created algebraically by aggregations.
It is important, that in the heat evolution part, this addition is not necessary, see (Blaheta et al., 2007a).

2.3 Microstructure modelling

The H-M processes in geomaterials depend heavily on the microstructure. The CT scan can be used for
investigation of fracture, wetting, permeability changes etc,, see e.g. (Otani and Obara, 2004). The consequent
FE analysis of the microstructure can be used for computation of homogenized material parameters, developing
constitutive relations for poroelasticity, clearing up the coupling effects etc.

FILE LOAD| | fI &&7@)‘

SIEWENS(E12)| .

;(SWAP)_[ |

TOSHIBA 2 ,% =]

SIEMENS(341 i
(3411 Wﬁlhﬂ; ﬂ

—— | Hight

—

WY |20s [2a1 -
| Sverags 160,00
rage |

SD

image >t valus | | gt ¥ prot |
image<-ctvalue | Colorview

CT Value {160

2)cT Value
=1 FILE EDIT MODE

MODE - e
e e Innutalie fo

202 203 [po4 205 |oos  [s07 [s0s [eos [2t0 [zt a
193 128 93 205 269 285 93 134 144 17
105 208 152 218 233 207 231 81 105 |20
79 201 157 e @6 209 69 e 75 27
162 126 164 143 126 138 160 84 120 12
115 83 214 g2 AM s 73 4z Aot |5
157 113 156 142 203 207 123 183 203 |20
113 147 187 150 160 138 201 114 158 |16
50 102 192 170 179 270 165 33 109 |10
244 162 89 191 166 214 138 204 137 23
45 137 276 & 71 243 160 113 80 |70
145 123 103 265 262 162 186 204 128 |17
168 223 148 l2g7 175|132 (206|145 |10

Figure 3. A coal geocomposite consisting of coal and polyurethane resin.
2D cut and CT values in a selected voxel and its neighbours.

A specific application of microstructure FEM (UFEM) is an analysis of properties of coal geocomposites, see Fig.
3. This analysis allows to compute homogenized characteristics as well as to investigate optimal properties of
polyurethane resin filled into the geomaterial (coal) matrix. Specific features of this problem are:

= an analysis of 3D cubes with edge 75mm discretized by an uniform voxel grid with 251x251x38=2 394 038
nodes and more than 7 million DOFs in the case of elasticity,

= the use of uniform grid with assuming homogeneous material in voxels. Material properties of voxels are
assigned according to X-ray CT scan.

More details can be found in (Blaheta and Kre€mer, 2007) and in a future paper.

3 Numerical methods

This section briefly characterizes the numerical methods used for implementation of the finite element method
on parallel computers and solution of problems from the previous section. Our approach is characterized by
iterative solution with conjugate gradient (CG) type method, domain decomposition, Schwarz type
preconditioning with inexact solution of subproblems and stabilization of outer iterations. Basic references are
(Toselli and Widlund, 2005), (Blaheta, 2002), (Blaheta et al., 2006; 2007).

3.1 Parallel CG solution of FEM systems

Solution of boundary value problems of elasticity, heat conduction etc. by the finite element method leads to the
linear systems
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where A and bare typically the stiffness matrix and load vector, which are constructed in an element by
element way. Thus the assembling procedure is very easily parallelizable. Similar type systems can be found in
time stepping and Newton type algorithms.

Therefore, we shall concentrate only on the parallel solution of the linear system (1). It can be solved by both
direct and iterative solvers. We prefer the latter one due to several reasons: better efficiency for very large
sparse systems, simpler implementation, better parallelizability as well as possible incomplete solution, which
can save the effort e.g. when solving subproblems (see later) or in some THM coupling via staggered schemes
or in inexact Newton like algorithms etc.

The system (1) can be solved iteratively by the standard preconditioned conjugate gradient (CG) method or its
generalized variant (GPCG), see Fig. 4 and e.g. (Blaheta, 2002). In GPCG, the new search direction is explicitly

orthogonalized to a selected number z = min{m,i} of previous search directions as the standard implicit CG

orthogonality is disturbed not only due to use of computer arithmetic but also due to use preconditioner including
nonsymmetry or inner iterations.
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Figure 4. Preconditioned conjugate gradient method (left) and its generalized variant (right).

Each iteration of CG or GPCG consists of matrix by vector multiplication, inner products, scalar by vector
multiplication and additions of vectors and preconditioning (computing of pseudoresidual g = Gr ). We can

imagine first the simplest diagonal preconditioning with g = DY , where D is the diagonal part of A.

In the case of vectors decomposed into blocks and the corresponding decomposition of the matrix, each of the
above mentioned operations (and therefore also the whole iteration) is easily parallelizable. The decomposition
of the vectors can be defined through a nonoverlapping decomposition of the computational domain, see Fig. 5.
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Figure 5. Domain decomposition: nonoverlapping and overlapping.
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3.2 Parallel Schwarz type preconditioning

A remaining problem is necessity of accelerating the convergence via preconditioning, which is parallelizable
and more efficient than the simplest diagonal one described above. A first idea can be to use a block diagonal
Jacobi preconditioner corresponding to the same partition of vectors and matrix as used for parallelization of the
basic operations. But the efficiency of this preconditioner is still not sufficient (it approximates the diagonal
preconditioner with increasing number of subdomains). Therefore, a further efficiency enhancement was
suggested, which takes into account bigger blocks (subproblems) corresponding to an overlapping domain

decomposition Q = Uka , see Fig. 5. It gives Schwarz type preconditioner in the form

— T A1
G=LRAR @
where A< are finite element matrices that correspond to FE spaces of functions in the domains Q,  fulfilling

homogeneous Dirichlet type boundary conditions on the inner boundaries and main boundary conditions of the
whole problem on the outer boundaries. Rk denote restrictions to algebraic counterparts of these subspaces.

The operations with inverses W= A"V are implemented approximately as w=U ‘L,'v, where L .U, is

an incomplete factorization of A< We use MIC(0) incomplete factorization combined with displacement
decomposition in the case of elasticity, see (Blaheta, 1994) for more details.

3.3 Two-level Schwarz type preconditioning with aggregations

The efficiency of the (one-level) Schwarz preconditioner (2) is enough for solving linear systems arising from
time stepping solution of problems like evolutionary heat conduction, see (Blaheta et al., 2007a). For stationary
problems, it should be further improved by using the two-level Schwarz method with an additional subproblem

A) corresponding to a discretization of the solved problem with the aid of a coarser finite element division. The

global subproblem A, can be also constructed algebraically by aggregation, which means that A, = ROARJ

where Ro is a rectangular Ny xN restriction matrix with just one unity in each column, for more details see
(Blaheta et al. , 2006) and the references therein. Note that N is the dimension of the square matrix A
and N, << N. The coarse subproblem can be added additively, which gives

- — _ T A-1
G=G,=IRIA'R+RA'R, ®
or multiplicatively. The simplest multiplicative version means that g = Gr = G,\,I I is computed in two steps
9 - ZRIAIRT,
T A-1
9 - 9+ R A R(r—Ag).

This preconditioner is not symmetric, but can be symmetrized, of course at the expense of an additional step
with solving global or local subproblems and at the cost of additional multiplication with A. It motivates the use
of cheaper nonsymmetric variant. It is also called hybrid as it combines multiplicative approach with additive one
in the step dealing with local subproblems, see (Toselli and Widlund, 2005). The use of nonsymmetric
multiplicative variant requires stabilization by using the already described GPCG method.

4

The global subproblem W = A(;lv can be again solved approximately. The experience shows that the use of
inner CG iterations with the displacement decomposition-incomplete factorization preconditioning discussed
above and relative residual criterion with the accuracy about &, = 10tis a good choice.

3.4 Stabilization of outer iterations in the case of singular systems

The application of loading by a general anisotropic initial stress or computation of upscaled homogenized
modules leads to the solution of singular systems. Sometime we seek for a generalized solution of a slightly
inconsistent linear system, i.e.

solution of AU = b is replaced by seeking for U : ”b - Au|| =min. (5)
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For seeking standard or generalized solution of the described singular systems, we can use the PCG or GPCG
methods after a slight modification of the described preconditioners. It is sufficient to equip them with a
preliminary step, which project the residual into the (theoretical) range of A, i.e.

T, —
Fr—r=yw, y:(r-Xyw) w =0. (6)
Here, W create basis of the (theoretical) null space of A (e.g. W are rigid body displacements in the case of

elasticity). Note that by “theoretical”, we understand that the effects of the finite computer arithmetic are
neglected.

3.5 Parallel Schwarz type mixed FEM for Darcy flow

Here we only mention one possible approach. First of all, the use of mixed FEM with lowest order Thomas-
Raviart elements (Chan et al., 2006), (Toselli and Widlund, 2005) leads to the system

M, BT My +7'B'B 0

A=l C A= | )
B 0 0 nl

with indefinite matrix AH . This system can be iteratively solved e.g. by the MINRES method instead of CG, see

(Paige and Saunders 1975). It is not straightforward to apply Schwarz preconditioners to this system, see
(Toselli and Widlund, 2005). One successful approach is described in (Blaheta, 2006b; Blaheta et al., 2008). It
consists of use of block diagonal preconditioning from (7-right) and application of Schwarz technique just to the

firstblock M, +7 " B'B .

4 Some numerical results

Let us consider the Aspo prototype repository thermo-elasticity problem described in Section 2.2. The time
interval is selected to be 50 years, the adaptive time stepping begins with the step of 0.0001 year and requires
totally 47 time steps. The development of stresses is monitored in ten selected time levels.
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: = Simba: MPI ~B
- Ra: MPI
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Figure 6. Aspd model problem: Computing times for the whole heat evolution in 47 time steps (left) and for
one elasticity problem with one-level (A) and two-level (B) Schwarz preconditioning (right).

Fig. 6 shows decrease of computing times with increasing number of subdomains (processors). Fig. 6 — left
considers the parallel solution of the arising linear systems in the whole time evolution for 50 years. The PCG
here uses one-level Schwarz preconditioner (2) and the approximate solution of subproblems as described in
Section 3. The computations performed on parallel computers in the UPPMAX centre. The first one is Simba
with 48 UltraSPARC-II1/900 CPU’s, the second newer and more powerful one is cluster Ra with 280 AMD
Opteron processors, see UPPMAX web page for more details. Two parallel codes are developed and compared.
They differ in using OpenMP and MPI parallel programming paradigma.

The parallel speed up is good for the computations on up to 16 processors. Later, the size of subdomains
constructed by parallel horizontal cutting (see Fig. 5) stagnates. For better speed up on more processors, we
should solve larger problems. Code based on OpenMP and MPI are compared in the case of shared memory
computer Simba. OpenMP provides simpler code development but MPI code proved to be 35-60% faster.
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Fig. 6 - right shows the results from solving elasticity part of Aspé model problem with both one level (2) and
two-level (3) Schwarz method. The coarse subproblem is then created with aggressive 6x6x6 aggregations, i.e.

Ny = n/ 216 . Computing times correspond to an older Beowulf cluster with AMD Athlon 1.4 GHz processors.

5 Conclusions

The paper firstly shows that all thermal, deformation and flow processes in rocks can be efficiently modelled by
the FEM with parallel solvers based on overlapping domain decomposition and Schwarz-type preconditioning. In
the case of elasticity or heat conduction, we use standard Schwarz method enhanced by specific implementation
details concerning inexact solution of subproblems, the use of subproblem constructed by aggregation,
stabilization of the outer iterative method etc. For flow processes discretized by mixed FEM, we describe a new
technique.

The importance of efficient solvers is further strengthened by solving nonlinear and coupled problems and by
attempts to evaluate influence of uncertainty in model definition.

6 Acknowledgements

This work has been supported by the grants 1ET400300415 and AV0Z30860518 of the Academy of Sciences of
the Czech Republic and UPPMAX-P2004009 project of the UPPMAX Centre at Uppsala University.

7 References

Blaheta R. 1994. Displacement Decomposition - Incomplete Factorization Preconditioning Techniques for Linear Elasticity
Problems. Numerical Linear Algebra with Applications 1, 107-128.

Blaheta R. 2002. GPCG - generalized preconditioned CG method and its use with non-linear and non-symmetric displacement
decomposition preconditioners, Numerical Linear Algebra with Applications 9, 525-550.

Blaheta R. 2006a. Multilevel iterative methods and deflation, P. Wesseling, E. Onate, J. Periaux (eds.): ECCOMAS CFD 2006,
European conference on Computational Fluid Dynamics, TU Delft.

Blaheta R. 2006b. Schwarz Methods for Simulation of THM Processes, Proceedings of SIMONA: 3rd Int. Workshop on
Simulation and Modelling and Numerical Analysis, TU Liberec, 15-28.

Blaheta R., Byczanski P., Kohut R., Kolcun A., Shupéarek R., 2005. Large-scale modelling of T-M phenomena from
underground deposition of the spent nuclear fuel, P. Koneé¢ny (ed.): Eurock 2005 Impact of Human Activity on the
Geological Environment. A.A.Balkema, Rotterdam, 49-55.

Blaheta R., Byczanski P., Kohut R., Stary J. 2004. Algorithms for parallel FEM modelling of thermo-mechanical phenomena
arising from the disposal of the spent nuclear fuel, Stephansson et al. (eds.) Coupled Thermo-Hydro-Mechanical-Chemical
Processes in Geo-Systems, Elsevier, Amsterdam, 395-400

Blaheta R., Byczanski P., Jakl O., Kohut R., Kolcun A., Kreémer K., Stary J. 2006. Large-scale parallel FEM computations of
far/near stress field changes in rocks, Future Generation Computer Systems, 22, 449-459.

Blaheta R., Kohut R., Neytcheva M., Stary J. 2007a. Schwarz methods for discrete elliptic and parabolic problems with an
application to nuclear waste repository modelling, Mathematics and Computers in Simulation, 76, 18-27.

Blaheta R., Kre€mer K. 2007c. Computer implementation of yFEM, R. Blaheta (ed), PhD. Workshop 2007, Institute of Geonics
AS CR, Ostrava, 11-13.

Blaheta R., Byczanski P., Kohut R., Stary J. 2008. Modelling THM processes in rocks with the aid of parallel computing. To
appear in Proceedings of GeoProc 2008 conference, 8pp.

Chen Z., Huan G., Ma Y. 2006. Computational Methods for Multiphase Flows in Porous Media, SIAM Philadelphia.
Otani J., Obara Y. (eds.) 2004. X-ray CT for Geomaterials, Soils, Concrete, Rocks. Balkema, Rotterdam (The Netherlands).
Paige C.C., Saunders M.A. 1975. Solution of sparse indefinite systems of linear equations, SIAM J. Numer. Anal. 12, 617-629.

Stephansson O., Hudson J.A., Jing L. (eds.) 2004. Coupled Thermo-Hydro-Mechanical-Chemical Processes in Geo-Systems,
Elsevier, Amsterdam.

Cleall P.J., Melhuish T.A., Thomas H.R. 2006. Modelling the three-dimensional behaviour of a prototype nuclear waste
repository, Engineering Geology, 212-220.

Toselli A., Widlund O. 2005. Domain Decomposition Methods - Algorithms and Theory, Springer Series in Computational
Mathematics , Vol. 34, Springer Berlin.



x‘e“*\‘m 2

- » The 12" International Conference of

International Association for Computer Methods and Advances in Geomechanics (IACMAG)
—h—~v 1-6 October, 2008
) O™ Goa, India
1IACMAG

The paper may be considered for
(Please indicate your choice by putting v in the appropriate box)

1. Oral Presentation 4
2. Poster Session




