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Introduction

Least squares problems

Given the matrix A € R™*" with rank(A) = n and the vector b € R™ the
(linear) least squares problem is to find & € R™ such that

b~ Ad, = min b — Az]l. (LS)

The (unique) solution of (LS) can be found by solving the system of normal
equations

AT Az = ATb = &= (ATA)"1ATh = ATh.
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Introduction

Least squares problems

Given the matrix A € R™*" with rank(A) = n and the vector b € R™ the
(linear) least squares problem is to find & € R™ such that

b~ Ad, = min b — Az]l. (LS)

The (unique) solution of (LS) can be found by solving the system of normal
equations

AT Az = ATb = &= (ATA)"1ATh = ATh.

The least squares problem can be interpreted as the orthogonal decomposition of
b onto R(A) and N (AT) = R(A)L:

b= Pyb+ Pib= Ai + 7,
where P, = AA' and Pj( =1— Pyu.

For useful background, see Bjérck [1996], [Golub and Van Loan, 1996, Chap. 5],
Lawson and Hanson [1974].
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Introduction

Solution methods for sparse least squares problems

Solution methods for linear least squares problems are usually based on some
algorithm applied (explicitly or implicitly) either on the symmetric positive definite
system of normal equations

AT Az = ATp & ATr =0, r=0b- Az,

e o] B =l

or on the indefinite system

P. Jiranek (CERFACS)

How to estimate the backward error in LSQR ICS CAS, 20/07/2010

5 /41



Introduction

Solution methods for sparse least squares problems

Solution methods for linear least squares problems are usually based on some
algorithm applied (explicitly or implicitly) either on the symmetric positive definite
system of normal equations

AT Az = ATp & ATr =0, r=0b- Az,

e o] B =l

Classification of solution methods for sparse problems:

or on the indefinite system

» Direct methods: variants of the Gaussian elimination, QR factorization.

> lterative methods: classical (stationary) methods, Krylov subspace
methods.

See, e.g., Heath [1984], Bjorck [1996, Chap. 6 & 7].
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Backward error in LS problems

The backward error for consistent problems |

We consider a system Az = b such that b € R(A) and let £ € R™ be an
approximation to its solution.

Let Ecs(Z) be the set of all backward perturbations of the data in Az =0
associated to z,

Eos(@) ={[E, fl; (A+ E)T =b+ f}.

The backward error associated to Z is defined as a ‘“size” of a minimal backward
perturbation in Ecg ().
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Backward error in LS problems

The backward error for consistent problems Il

Let a, B be positive and let

$os (T, o, ) = min{; [E, f] € Eos(2), [Ellr < &allAllr, [[fll2 < &]b]2}

_ | E|lF ||f2”‘ ) ~}
=sind |2t g || 1< £t}

Then  solves a nearby problem

(A+E)@=b+f  [Elr<allAlr, [Ifll2<B8lfl2
if and only if £cg(Z) < 1.

P. Jiranek (CERFACS) How to estimate the backward error in LSQR ICS CAS, 20/07/2010 8 /41



Backward error in LS problems

The backward error for consistent problems Il

Let a, B be positive and let

$os (T, o, ) = min{; [E, f] € Eos(2), [Ellr < &allAllr, [[fll2 < &]b]2}

o |E||r ||f2”‘ . ~}
_mln{ |:C¥||A||F’B||b||2 Ooy[Eaf]ech(x) .

Then  solves a nearby problem

(A+E)@=b+f  [Elr<allAlr, [Ifll2<B8lfl2
if and only if £cg(Z) < 1.

The problem was solved by Rigal and Gaches [1967] and the expression for
¢cs(Z; oy B) is given by

[I7[]2

écs(Tya, B) = ~ ,
cs(® e 0) = SrATAlele + BTl

7T=b— AZ.

If « =0O(e), 8= 0O(e) the Z is usually called the backward stable solution of
Ax = b in finite precision arithmetic characterized by the machine precision ¢.
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Backward error in LS problems

The backward error for consistent problems Il

We may also consider
pes(;0) = mind[|[E, 0f][[r; [E, f] € Ecs(T)}
for some 6 > 0. The explicit formula for pucs(Z;0) is

Ol

,L"CS(jj; 0) Y e I
V14 60%Z]13
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Backward error in LS problems

The backward error for consistent problems Il

We may also consider

pes(Z;0) = mind||[E, 0f]||r; [E, f] € Ecs(@)}
for some 6 > 0. The explicit formula for pucs(Z;0) is
0|7l

VI3

Both £cg and ucg are equivalent in the sense that

pes(;0) =

1 pes(;0 - pes(T;0 allAllr
7# SfCS(xEQ,ﬁ)S#y = H || .
V2 allAflr allAllr Blioll2
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Backward error in LS problems

The backward error for LS problems |

For LS problems, we have
Eus(@) = {[E. fl; (A+E)T[(b+ f) — (A+ E)i] = 0}.
Obviously, Ecs(E) C Erg(T).

We may define £ = {1, and p = pups in the similar way as for consistent problems.

Note that the same equivalence of £ and u holds as for consistent problems,

1 p(z;0 i 20 .
3 6) < (T, 8) < zﬁiuz’ b= OZ3H||b||||j.
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Backward error in LS problems

The backward error for LS problems |l

The solution to the optimal backward perturbation problem for LS problems was
an open problem for a long time. It was shown by Stewart [1977] that

By =—#TA, By = (7 — )il = Pyiif,

are backward perturbations of A corresponding to Z, i.e.,
(A+E)'b—(A+E)i] =0, i=1,2,

but none of them needs to be optimal. The norms of E; and E5 are given by

ATF
1530 = 121l = ||f|2||27 AP AT

17 —7ll2 _ [[Pafl2

2l @l
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Backward error in LS problems

The backward error for LS problems Il

The expression for 11(Z; 0) was provided by Waldén, Karlson, and Sun [1995].
Let

017l = ues(5:0), N =[A,w( — 7).

VI+ezE

<
I
f=p
I

N

\.Hl
S
Il

w(Z;0) = min{w, omin(N)}.

If b & R(A), then wu(Z;0) < ucs(z;0), ie., uw(%;0) = omin(N).
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Backward error in LS problems

The backward error for LS problems IV

In comparison with consistent problems, the backward error for LS problems is
much harder to compute: it requires to compute the smallest singular value of the
m x (m +n) matrix N.

Some attempts to derive tight lower and upper bounds for © which are cheaper to

compute appeared in Waldén, Karlson, and Sun [1995], Karlson and Waldén
[1997].
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Backward error in LS problems

The backward error for LS problems IV

In comparison with consistent problems, the backward error for LS problems is
much harder to compute: it requires to compute the smallest singular value of the
m x (m +n) matrix N.

Some attempts to derive tight lower and upper bounds for © which are cheaper to
compute appeared in Waldén, Karlson, and Sun [1995], Karlson and Waldén

el A

was studied by Gu [1998] (see also Karlson and Waldén [1997]) for which

The estimate
w

)= ——
V(@0 =

[#lls _ (E:0) _ VE+1

~ 1.618.
17l = u(E:0) = 2

Grcar [2003] showed that v is an asymptotically exact estimate of u, i.e.,
v(Z;0) ~ 1(Z;0) as & — .
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Backward error in LS problems

The backward error for LS problems V

Restricting the backward perturbation to A or to b only:
» Perturbing A:

min{|Ellp; (4+ B)To— (A + B)il} = lim u(z:0).

» Perturbing b:

u(3:0)

min{|| fll2; AT((b+ f) — AF] = 0} = [ Par|> = Jim =

See Arioli and Gratton [2008] for an application in linear regression.

P. Jiranek (CERFACS) How to estimate the backward error in LSQR ICS CAS, 20/07/2010 14 / 41



Backward error in LS problems

Stopping criteria based on the backward error

The backward error has an important application in rounding error analysis, see,
e.g., Higham [1996].

It is also recommended for construction of “general purpose” stopping criteria for

iterative solvers; see, e.g., Arioli, Duff, and Ruiz [1992], Arioli, Noulard, and Russo
[2001], Paige and Strako3 [2002].
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Backward error in LS problems

Stopping criteria based on the backward error

The backward error has an important application in rounding error analysis, see,
e.g., Higham [1996].

It is also recommended for construction of “general purpose” stopping criteria for
iterative solvers; see, e.g., Arioli, Duff, and Ruiz [1992], Arioli, Noulard, and Russo
[2001], Paige and Strako3 [2002].

Let & be an approximation to the solution & computed by an iterative method.
We say that T is an acceptable solution if it solves exactly a nearby problem
within a specified range of relative errors in the data. In particular, if for given «
and 3 there exists backward perturbations F and f such that

A+ B0+ )~ (A+E)a] =0,  |Elr <alAlr, [Ifll2 < Blbll2.
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Backward error in LS problems

Stopping criteria based on the backward error

The backward error has an important application in rounding error analysis, see,
e.g., Higham [1996].

It is also recommended for construction of “general purpose” stopping criteria for
iterative solvers; see, e.g., Arioli, Duff, and Ruiz [1992], Arioli, Noulard, and Russo
[2001], Paige and Strako3 [2002].

Let & be an approximation to the solution & computed by an iterative method.
We say that T is an acceptable solution if it solves exactly a nearby problem
within a specified range of relative errors in the data. In particular, if for given «
and 3 there exists backward perturbations F and f such that

A+B)b+ - (A+B)E =0, |Ellr <alAllr, [fll2 <82
This is equivalent to the condition £(Z; v, 3) < 1 which is satisfied if (and “almost
only if" up to v/2)

_alAlr

Bloll2

See also Chang, Paige, and Titley-Peloquin [2009].

1w(7:0) < ol Al F,
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LSQR

The LS residual, normal equations, and CG

Let Z be arbitrary, & be the solution of (LS) and # = b — A% and 7 = b — A% be
the corresponding residuals.

Then the norm of the residual 7 can be decomposed as

1713 = 17113 + [|Pa7 13,

[Palls = [[Pa(b = AZ)||2 = |A(Z — Z)||2 = || — Z[|a7a-
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LSQR

The LS residual, normal equations, and CG

Let Z be arbitrary, & be the solution of (LS) and # = b — A% and 7 = b — A% be
the corresponding residuals.

Then the norm of the residual 7 can be decomposed as

1713 = 17113 + [|Pa7 13,
[Palls = [[Pa(b = AZ)||2 = |A(Z — Z)||2 = || — Z[|a7a-

A natural way how to solve the LS problem iteratively is hence to minimize the
last term which only depends on Z. This is exactly what CG of Hestenes and
Stiefel [1952] applied on the system of normal equations AT Az = ATb does!

One may apply CG directly to A7 Az = ATb or more cleverly in the implicit way
as it is done in CGLS (see Paige and Saunders [1982a]).

However, one may also use the structure of the system matrix AT A and use
another fundamental algorithm: the iterative bidiagonalization by Golub and
Kahan [1965] as it is done in the LSQR algorithm by Paige and Saunders
[1982a,b].
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LSQR

The Golub-Kahan iterative bidiagonalization

Starting with S1u1 = b and av1 = ATuq, the Golub-Kahan bidiagonalizations

generates the sequence of positive «; and (; and orthonormal vectors u; and v; by
two recurrent formulas

T
Br+1ur+1 = Avg — gy, Oy 1Vp41 = A U1 — Brt1k,

for k=1,2,..., where o; and (3; are computed such that ||u;||2 = ||vi]2 = 1.
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LSQR

The Golub-Kahan iterative bidiagonalization

Starting with S1u1 = b and av1 = ATuq, the Golub-Kahan bidiagonalizations
generates the sequence of positive «; and (; and orthonormal vectors u; and v; by
two recurrent formulas

T
Br1ur1 = Avg — o,  ap41Vk41 = A kg1 — Bry1k,
for k=1,2,..., where o; and (3; are computed such that ||u;||2 = ||vi]2 = 1.
Let Ugy1 = [u1,...,ug), Ver1 = [v1,...,Uk+1], and
Qg
B2 - el
By, = ) By = Bk, agt1€p41]-
o
Bre+1

Then we have

Uk;+1 (ﬁlel) - b, AVk - Uv]€_|_1Bk7 ATUk+1 - Vk}-‘rlEZ:'
In addition, R(V.) = Ki(AT A, ATb) and R(Uy) = Ki(AAT,b).
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LSQR

The reduced LS problem in LSQR |

Let x € K (AT A, ATbY), x = Vy, and r = b — Ax = Up1(Bre1 — Bry). The
LSQR approximation zj, is constructed by minimizing the 2-norm of the residual,
ie.,

|Brer — Brykll2 = myin |Brer — Brylla- (LSQR-LS)

Hence the LSQR is equivalent to CG applied to AT Az = ATb.
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LSQR

The reduced LS problem in LSQR |

Let x € K (AT A, ATbY), x = Vy, and r = b — Ax = Up1(Bre1 — Bry). The
LSQR approximation zj, is constructed by minimizing the 2-norm of the residual,
ie.,

[Bre1 — Brykllz = min |Bier — Brylla- (LSQR-LS)
Hence the LSQR is equivalent to CG applied to AT Az = ATb.

The LS problem (LSQR-LS) can be solved by performing the QR decomposition
of Bk

Qk[Bk, Bre1] = ﬁ)k (Z;zil] .

The action of the kth reflection can be described as

2 )le 3B )

s —ck| |Bky1 aryr O 0 pr+1 Pkt

The vector of coordinates is then obtained by solving for y; the system

Riye = fr = (61, dx]".
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LSQR

The reduced LS problem in LSQR Il

The residuals rp, = b — Axy and ti = (re1 — Bryg then satisfy
T = Upyits, th = Or1QF exi1, 7klle = Grt1.
In addition,

S =1+ Gy = lrealld = el = ok

Note that a recurrent formula for the approximations can be derived by computing
direction vectors Wy, = [wy, ..., wg] such that

zi = Viye = ViR, ' fe = Wi f.
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LSQR

Stopping criteria in LSQR

In the original implementation of LSQR, see Paige and Saunders [1982a], the
stopping criteria are based on {cs and on E; of Stewart [1977]. The iteration is
terminated when
[rell2 < allAllp|lzxllz + B0l
or .
[ A" 7kl

< allAllp.
175l

Both ||rk /|2 and ||ATry||2 can be cheaply computed in LSQR.

It was observed by Chang, Paige, and Titley-Peloquin [2009] that the stopping
criterion using AT, can be very conservative; moreover, the convergence of

| AT 7|2 to zero can be very irregular (see also Fong and Saunders [2010] for
LSMR).

P. Jiranek (CERFACS) How to estimate the backward error in LSQR ICS CAS, 20/07/2010 21 /41



LSQR

Stopping criteria in LSQR: Numerical illustration |

Least squares problem ASH608 from the Harwell Boeing collection

10° .

T
H(x,,0), [l 111 1 AT V10, ]|

10
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LSQR

Stopping criteria in LSQR: Numerical illustration |l

Least squares problem ILLC1033 from the Harwell Boeing collection

T
H(x,,0), [l 111 1 AT V10, ]|

500 1000 1500 2000 2500 3000 3500 4000 4500 5000
iteration number
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Estimating the backward error in LSQR

Our goal is to provide estimates of

» the norm of the projected residual Pyry,

> the backward error u(xy;6),

> the asymptotic estimate v(xy;6) of u(xg;0),
which are cheaply computable in LSQR.
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Estimating the backward error in LSQR

Our goal is to provide estimates of

» the norm of the projected residual Pyry,

> the backward error u(xy;6),

> the asymptotic estimate v(xy;6) of u(xg;0),
which are cheaply computable in LSQR.

The norm of P47 can be used to provide a bound
0| Par|2

(75 0) < ————es,
(0 VAR AE

which is similar to the backward perturbation Es = (# — 7#)#' provided by Stewart
[1977]; see Chang, Paige, and Titley-Peloquin [2009].

P. Jirdnek (CERFACS) How to estimate the backward error in LSQR



Estimating the backward error in LSQR

Our goal is to provide estimates of

» the norm of the projected residual Pyry,

> the backward error u(xy;6),

> the asymptotic estimate v(xy;6) of u(xg;0),
which are cheaply computable in LSQR.

The norm of P47 can be used to provide a bound

/J(,f@) < (9||PA7:||2

IR EH

which is similar to the backward perturbation Es = (# — 7#)#' provided by Stewart
[1977]; see Chang, Paige, and Titley-Peloquin [2009].

Malyshev and Sadkane [2002] estimate the backward error by running the iterative
Golub-Kahan bidiagonalization on A and the residual vector 7. In Grcar, Saunders,
and Su [2007] the backward error estimates are based on v; for sparse LS problems
solved by LSQR an inner iteration is applied to estimate the backward error.
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Estimating the backward error in LSQR

Estimating || Parg||o |

LSQR is equivalent to CG applied to AT Az = ATb, so it minimizes ||& — zx|| a7 4
at each step. We have

& = 2kllara =A@ — zi)ll2 = [[Pa(b — Azk)|l2 = [[Parill2,

s0 ||Park||2 has the meaning of the energy norm in the equivalent CG on
AT Az = ATb.

The extensive amount of work was devoted to the estimation of the error in CG,
see, e.g., Meurant and Strako% [2006] and the references therein. Here we
concentrate on the lower bound proposed by Hestenes and Stiefel [1952]. It use in
numerical computations was justified by Strako3 and Tichy [2002].
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Estimating the backward error in LSQR

Estimating || Pargl2 Il

Let d be a positive integer. We have
lrell3 = [1Parells + 1713, lIretalls = [[Parwrall3 + [1713-

This gives

[Parells = 7kl = I7a+all3 + [1Parkrall3
k+d
= > (Iriall3 = lIrill3) + | Pars-all3
i=k+1
ktd
= Z 07 + |Parkall3
i=k+1
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Estimating the backward error in LSQR

Estimating || Par||2 I

Let
k+d

Aa(zy) = Z #2.
i=k+1
We can use A\g(xy) to estimate
> the norm of Pary, i.e., the minimal backward perturbation of the right-hand
side in the least squares problem (LS),
> the backward error u(xy;6) by

9)\d(37;€)

(g 0) v —mnli )
L+ 02[lax3
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Estimating the backward error in LSQR

Estimating || Par||2 I

Let
k+d

Aa(xg) = Z #2.

i=k+1

We can use A\g(xy) to estimate

> the norm of Pary, i.e., the minimal backward perturbation of the right-hand
side in the least squares problem (LS),
> the backward error u(xy;6) by

9)\d(l‘;€)

p(@n; 0) ~ ———eers.
(30) V107l

The estimate \j(xy) satisfies

Xi(zr) = ||Bk+dB;£+dfk||2, te = Brer — Biia |:y(;c:| 7

so it can be interpreted as the norm of the minimal backward perturbation of the
right-hand side in the LS problem solved by LSQR at step &k + d.
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Estimating the backward error in LSQR

Estimating || Pari||2: Numerical illustration

Least squares problem WELL1033 from the Harwell Boeing collection
I ; ; ; ; ; ;

10

\u(xk,e) and its lower bounds

10

50 100 150 200 250 300
iteration number
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Estimating the backward error in LSQR

Estimating pu(xzy; 6) |

We wish to estimate
p(w; 0) = min{||[E, 0 f)[|r; (A+ E)T[(b+ f) = (A+ E)ay] = 0}
= g(zg, 0, A, D).

Let
Hd(xlw 0) =g (|:z{)k:| aea Bk-i-d)ﬁlel) 5 ﬁd(mk}; 9) =g <|:y0k:| aeaBk+d7ﬁlel> .

The estimate p1 (2x;0) can be (similarly as Aq(2x)) interpreted as the backward
error of the kth approximation of LSQR in the reduced least squares problem
solved at step k + d.

The estimates p(2x;0) and Tiq(2x; 0) represent lower and upper bounds for
w(xg; @) which become tighter with increasing d.
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Estimating the backward error in LSQR

Estimating p(zy; 6) Il

In order to evaluate the estimates we have to compute the minimal singular values
of the matrices

Nia= [Bk+d,wk(f - Ekﬂg)} ) Nig = |Byya,wi(I — fkﬁf)} )

where wy = 0]lrxll2/(1 + 02|21 |2) /2, T, = [tF,07]7.

P. Jiranek (CERFACS) How to estimate the backward error in LSQR



Estimating the backward error in LSQR

Estimating p(zy; 6) Il

In order to evaluate the estimates we have to compute the minimal singular values
of the matrices

Nia= [Bk+d,wk(f - Ekﬂg)} ) Nig = |Byya,wi(I — fkﬁf)} )

where wy = 0]lrxll2/(1 + 02|21 |2) /2, T, = [tF,07]7.

However, the vector ¢}, = UkTrk is not available in LSQR. We can use the relation
tp = ¢k+1Q£ek+1 to show that Ny 4 has the same singular values as

My.q = [QrBrra, wi (I — €rt1€hs1)]-

The matrix My, q can be transformed to a bidiagonal form using 2(k +d + 1)
Givens rotations and the smallest singular value can be computed using the
method of bisection.

We can proceed similarly with the matrix Ny 4.
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Estimating the backward error in LSQR

Estimating p(zy; €): Numerical illustration |

Least squares problem WELL1033 from the Harwell Boeing collection

10°

-10

10

u(xk,e) and its lower bounds

10

50 100 150 200 250 300
iteration number
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Estimating p(xy; 6): Numerical illustration Il

Least squares problem WELL1033 from the Harwell Boeing collection
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Estimating the backward error in LSQR

Estimating v(xy; 0)

Similarly to p(zy;0) we can bound the quantity v(z;6),

t
Wk A A] {rk} Ollrxll2
v(zg; 0) = —— ; Wy = —— 2
N T [wkf} ka of, T Vel
using
v (ag;0) = Bi+d B’HdT b
=k wpl | Lwe | 0]
T —
— ;v | Brtd| | Brral| |tk
Palos; 0) = EJIJ] E)/J} {0} -
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Conclusions

Conclusions and future work

> We presented cheaply computable estimates of the backward error in LS
problems in the context of the LSQR algorithm. To some extent they can be
applied also to another equivalent algorithms like CGLS.

» However, their applicability is limited, e.g., when using a preconditioner.
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Conclusions

Conclusions and future work

> We presented cheaply computable estimates of the backward error in LS
problems in the context of the LSQR algorithm. To some extent they can be
applied also to another equivalent algorithms like CGLS.

» However, their applicability is limited, e.g., when using a preconditioner.

A possible outlook:

> A refined analysis of the relation between ||P47|2 and p, especially the lower
bound if possible.

» Quantitative analysis of y ~ ;?

» Estimation of minimal backward perturbation in related problems like
damped least squares problems

min { b — Aal}§ + |23}

P. Jiranek (CERFACS) How to estimate the backward error in LSQR ICS CAS, 20/07/2010 36 /41



Conclusions

Thank you for your attention!

For more information, see

P.J., David Titley-Peloquin, Estimating the backward error in LSQR,
SIAM J. Matrix Anal. Appl., 31(4):2055-2074, 2010.
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