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Vagueness pervades human language, perception, and reasoning since the beginning of
its existence. Classical mathematics and classical logic can, however, model the concept of
vagueness only indirectly. Although many natural language predicates (young, tall, hot) show
natural degrees of truth, all notions of classical logic and mathematics are bivalent.

Even though many-valued logics were developed (for other purposes) already during the
first half of the XX century, the systematic study of vagueness by means of the many-valued
approach began only after L.A. Zadeh [3] proposed Fuzzy Logic and Fuzzy Set Theory (FST)
to investigate the so called fuzzy sets. Since then, the notion of fuzziness spread to nearly all
mathematical disciplines.

For a long time, however, fuzzy logic and fuzzy mathematics were rather engineering
tools more than a well-designed mathematical theory. Driven just by applications, it lacked
(meta)theoretical grounding and general results; developed mostly by engineers for particular
purposes, it suffered from arbitrariness in definitions and often even mathematical impreci-
sion. Moreover, it could be objected that it was just a theory of [0,1]-valued functions and
thus a part of real analysis. There have been many (more or less successful) attempts to for-
malize or even axiomatize some areas of fuzzy mathematics. However, these axiomatics are
designed ad hoc. The authors usually select some concepts in their area of interest and change
them into vague ones. This selection is usually based solely on intuition or on the desired
application. Another problem with these axiomatic attempts lies in their fragmentation; it is
nearly impossible to combine two of them into one theory.

The greatest success, not suffering from the above-mentioned defects, is without doubt the
area of Mathematical Fuzzy Logic (MFL). Petr Hájek in his seminal monograph [2] proposed
MFL as an attempt to provide solid logical foundations for Fuzzy Set Theory and its engineer-
ing applications. Hájek and others developed MFL as a genuine subdiscipline of Mathematical
Logic, specializing in the study of certain many-valued logics, typically given by semantics of
t-norm based algebras defined on the interval [0, 1]. MFL attracted a considerable amount of
research that expanded its scope by the introduction of numerous logical systems (keeping,
as the only essential property, completeness w.r.t. linearly ordered algebras) and its depth by
carrying out a typical agenda of Mathematical Logic (proof theory, model theory, modalities,
first and higher order formalisms, axiomatic fuzzy set and fuzzy class theories, recursion and
complexity, functional representation, different kinds of semantics, connections with other ar-
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eas of Mathematics, applications to Philosophy, etc.). This work has resulted into hundreds
of papers many of which are summarized in a three-volume Handbook of Mathematical Fuzzy
Logic [1].

Although MFL was initially well-received by the Fuzzy Set Theory community, it soon
became apparent that the theoretical foundations provided by MFL would not have any
substantial influence in the practice in that area. During time MFL stated to develop a dual
problem to that of FST: its development lost the sight of potential applications and (with few
exceptions) became a purely curiosity-driven research. Thus MFL can no longer be justified
as a logical foundation for FST and has become instead another part of Mathematical Logic—
with intuitive appeal—but, unfortunately, not fully realizing its original goals. We believe
that the time has come to take a critical stance on Hájek’s MFL program, admit its relative
failure, and try to propose a new research program which should utilize the accumulated bulk
of results achieved by MFL in the last decades.
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