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> A (finitary) deductive system (or logic) is a pair S = (Fm,ts) where Fm is the
algebra of formulas of an algebraic similarity type and Fg is a consequence
relation between sets of formulas and formulas, i.e. it satisfies

R. Jansana On deductive systems associated with some equational 3/35



Preliminaries

> A (finitary) deductive system (or logic) is a pair S = (Fm,ts) where Fm is the
algebra of formulas of an algebraic similarity type and Fg is a consequence
relation between sets of formulas and formulas, i.e. it satisfies

Q ifperl, thenT Fs ¢,

R. Jansana On deductive systems associated with some equational 3/35



Preliminaries

> A (finitary) deductive system (or logic) is a pair S = (Fm,ts) where Fm is the

algebra of formulas of an algebraic similarity type and Fg is a consequence
relation between sets of formulas and formulas, i.e. it satisfies
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Preliminaries

> A (finitary) deductive system (or logic) is a pair S = (Fm,t-s) where Fm is the
algebra of formulas of an algebraic similarity type and Fg is a consequence
relation between sets of formulas and formulas, i.e. it satisfies

Q ifperl, thenT Fs ¢,

Q ifNts ¢ and for every ¥ € I, A g ¢, then A s ¢,

@ if I ks ¢, then for any substitution o, o[ Fs o(¢),
(a substitution is an homomorphism from the formula algebra Fm into itself.)
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Preliminaries

> A (finitary) deductive system (or logic) is a pair S = (Fm,t-s) where Fm is the
algebra of formulas of an algebraic similarity type and Fg is a consequence
relation between sets of formulas and formulas, i.e. it satisfies

Q ifperl, thenT Fs ¢,
if s ¢ and for every ¥ € I, A ks ¥, then A s ¢,

(2]
@ if I ks ¢, then for any substitution o, o[ Fs o(¢),

(a substitution is an homomorphism from the formula algebra Fm into itself.)
(%]

if T's o, then " s  for some finite ' CT.
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Preliminaries

> A (finitary) deductive system (or logic) is a pair S = (Fm,t-s) where Fm is the
algebra of formulas of an algebraic similarity type and Fg is a consequence
relation between sets of formulas and formulas, i.e. it satisfies

Q ifperl, thenT Fs o,
Q ifNts ¢ and for every ¥ € I, A g ¢, then A s ¢,

@ if I ks ¢, then for any substitution o, o[ Fs o(¢),
(a substitution is an homomorphism from the formula algebra Fm into itself.)

Q ifIks @, then [ 5 ¢ for some finite ' C T.

» A deductive system S has the congruence property if the relation on Fm given
by ¢ 45 1 is a congruence.

» Let S be a deductive system and let A be an algebra.

A set F C Ais an S-filter if for every valuation v on A, and every ' U {p} C Fm
if s ¢ and v[[] C F, then v(p) € F.

We denote by FigA the set of S-filters of A (which is a complete lattice).
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Let S be a deductive system.
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Let S be a deductive system.

An algebra A is an S-algebra if the only congruence included in the relation
Na ={(a,b) € Ax A:VF € FisA(a€ F < be F)}

is the identity.
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Let S be a deductive system.

An algebra A is an S-algebra if the only congruence included in the relation
Na ={(a,b) € Ax A:VF € FisA(a€ F < be F)}

is the identity.

The algebraic counterpart of S is the class of S-algebras, denoted by AlgS.

Definition

A deductive system S is congruential (or fully selfextensional) if for every A the
relation
N2 = {(a,b) : VF € FisA(a€ F & b F)}

is a congruence.
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Let S be a deductive system.
An algebra A is an S-algebra if the only congruence included in the relation
Na ={(a,b) € Ax A:VF € FisA(a€ F < be F)}
is the identity.
The algebraic counterpart of S is the class of S-algebras, denoted by AlgS.
Definition
A deductive system S is congruential (or fully selfextensional) if for every A the

relation
N2 = {(a,b) : VF € FisA(a€ F & b F)}

is a congruence.

Proposition

A deductive system S is congruential if and only if for every A € AlgS the
relation N3 is the identity.
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Theorem (Font, J. (1996))
Let S be a deductive system.

@ If S has the property of conjunction for a term A and the congruence
property, then it is congruential and AlgS is a variety.

@ If S has the deduction-detachment theorem for a term — and the
congruence property, then it is congruential and AlgS is a variety.

In both cases the algebras in AlgS carry an equationally definable partial order,
defined by

@ x Ay = x, in the first case
@ X — y & X — X, in the second case.

In the first case the deductive system is given by the order (in a sense we will
make precise), but not necessarily in the second.
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Equationally orderable quasivarieties
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Equationally orderable quasivarieties

Definition
Let K be a class of algebras of a fixed algebraic similarity type L.

Let u(x,y) be a finite set of L-equations in two variables.
We say that K is p-equationally orderable, or admits a p-order, if for every A € K

<h:={(a,b) € A*: A |= u(x,y)a, b]}

is a partial order of A.
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Equationally orderable quasivarieties

Definition
Let K be a class of algebras of a fixed algebraic similarity type L.

Let u(x,y) be a finite set of L-equations in two variables.
We say that K is p-equationally orderable, or admits a p-order, if for every A € K

<h:={(a,b) € A*: A = u(x,y)[a, b]}

is a partial order of A.

Note that every class of algebras is {x & y}-equationally orderable.

We say that K is properly equationally orderable if it is u-equationally orderable
for some finite set u(x,y) of L-equations different from {x ~ y}.
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Proposition

Let K be a class of algebras and p(x, y) a finite set of equations in two variables.
K is p-equationally orderable if and only if the following holds:

Q |k ulx,x),
(2] [I,(X,y) U,u(y,z) 'ZK p,(y,Z),
Q ulx,y)Unly,x) Fx x = y.
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Proposition

Let K be a class of algebras and p(x, y) a finite set of equations in two variables.
K is p-equationally orderable if and only if the following holds:

Q |k ulx,x),
(2] [I,(X,y) U,u(y,z) 'ZK p’(}/7z)'
Q ulx,y)Unly,x) Fx x = y.

Proposition

If K is p-equationally orderable, the quasivariety generated by K is also
w-equationally orderable.
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A canonical way to associate a deductive system with a
u-equationally orderable quasivariety.
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A canonical way to associate a deductive system with a
u-equationally orderable quasivariety.

Definition
Let Q be a p-equationally orderable quasivariety. The relation
< © P(Fm) x Fm is defined by:

Q

[Fos. o iff VA €QWv e Hom(Fm,A) Yae A
Q
((vy €T) a <} v(y)) = a <} v(9)),
for every ' U {¢} C Fm.
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It is easy to check that:
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A canonical way to associate a deductive system with a
u-equationally orderable quasivariety.

Definition
Let Q be a p-equationally orderable quasivariety. The relation
I—SQg,LQ P(Fm) x Fm is defined by:
r '_35“ ¢ iff VA€ QVveHom(Fm,A)VacA
(W eT) a<pv(y)) = a<i v(y)),
for every ' U {¢} C Fm.

It is easy to check that:
@ The relation I—Sg“ is a substitution-invariant consequence relation.
Q
@ Since Q is closed under ultraproducts and p is finite, I—SQSM is finitary.
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» The deductive system of the p-order of Q is Sg” = (Fm, l—sgu>.
Q
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If u is obvious from the context we write: Sg.
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» The deductive system of the yi-order of Q is Sg“ = (Fm,F_<,).
Q

If u is obvious from the context we write: Sg.

» It immediately follows that Sg” is the deductive system determined by the
class of matrices
{{(A,[a)) : A€ Qand ac A}
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Q

If u is obvious from the context we write: Sg.

» It immediately follows that Sg” is the deductive system determined by the
class of matrices
{{(A,[a)) : A€ Qand ac A}

> If some A € Q has no upper-bound w.r.t. <, then Sg“ does not have theorems.
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» The deductive system of the p-order of Q is Sg“ = (Fm,F_<,).
Q

If 1 is obvious from the context we write: Sg.

» It immediately follows that Sg” is the deductive system determined by the
class of matrices
{{(A,[a)) : A€ Qand ac A}

> If some A € Q has no upper-bound w.r.t. <, then Sg“ does not have theorems.
Proposition

Sg“ has theorems if and only if every A € Q has an upper-bound w.r.t. <, and
this largest element is term definable.

R. Jansana On deductive systems associated with some equational 10 / 35



Let Q be a p-equationally orderable quasivariety.
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Let Q be a p-equationally orderable quasivariety.

Let u9(x,y) = u(y,x), i.e. the set of equations obtained by swapping x and y.
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Let Q be a p-equationally orderable quasivariety.
Let u9(x,y) = u(y,x), i.e. the set of equations obtained by swapping x and y.

19(x,y) defines in every A € Q the dual order §ﬁ of the partial order <,, defined
o _
by u(y,x). So, < = <.
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Let Q be a p-equationally orderable quasivariety.
Let u9(x,y) = u(y,x), i.e. the set of equations obtained by swapping x and y.

19(x,y) defines in every A € Q the dual order Sﬁ of the partial order <,, defined
o0 _

by u(y,x). So, < = <.

Therefore, for any u-equationally orderable quasivariety we have

@ the logic Sg” of the p-order,

. <0 F)
@ the logic 5" of the u“-order.

Note that
QEe=y iff ¢ _“_S§“ Y iff 4 _“_55“8 ©.
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» In general Sg and Sga may be different.
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» In general Sg and Sga may be different.
Example

Let SL be the variety of semilattices.

SL is {x - y = x}-equationally orderable.

a
The logic Sg_ is a logic of conjunction and the logic SSSL is a logic of disjunction.
They are different. For example

x~y|—Ssng but x~y|7‘SS§La X.
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Proposition

The deductive system Sg has the congruence property.
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Proposition

The deductive system Sg has the congruence property.

A sufficient condition on a subset of an algebra A € Q to be an Sg—filter is:

Lemma

Let Q be a p-equationally orderable quasivariety and let A € Q. Then every
down-directed up-set F C A of the poset (A, Sﬁ) is an Sg—filter.
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Proposition

The deductive system Sg has the congruence property.

A sufficient condition on a subset of an algebra A € Q to be an Sg—filter is:

Lemma

Let Q be a p-equationally orderable quasivariety and let A € Q. Then every
down-directed up-set F C A of the poset (A, Sﬁ) is an Sg—filter.

Thus,
{(A,F): A €Qand F is a downdirected up-set}

. . . <
is a matrix semantics for SQ—".
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On AlgSg

» Let Q be a pu-equationally orderable quasivariety.
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On AlgSy

» Let Q be a u-equationally orderable quasivariety. Then for every A € Q and
every a,b € A,

a=b iff VFeFigcA(acF&beF) iff (ab) e
Q Q
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a=b iff VFeFigcA(acF&beF) iff (ab) e
Q Q

This holds because for every a € A, [a) is Sg-filter.
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On AlgSy

» Let Q be a u-equationally orderable quasivariety. Then for every A € Q and
every a,b € A,

a=b iff VFeFigcA(acF&beF) iff (ab) e
Q Q

This holds because for every a € A, [a) is Sg-filter. Therefore

Proposition

If Q is a pu-equationally orderable quasivariety, then Q C AIgSg. J
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> Q= AIgSg may not hold.
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> Q= AlgSg may not hold.
EXAMPLE.

Let Q_, be the quasivariety in the language {—, 1} defined by
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> Q= AIgSé may not hold.
EXAMPLE.

Let Q_, be the quasivariety in the language {—, 1} defined by
Q x—-x=~1

Q (x—oy=ml&y—szml)=x—>zx1.

QO x—oyml&y—sxxl)=x=ry.
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> Q = AlgS5 may not hold.
EXAMPLE.

Let Q_, be the quasivariety in the language {—, 1} defined by
Q x—-x=r1

Q (x—oy=ml&y—szml)=x—>zx1.

QO x—oyml&y—sxxl)=x=ry.

Let P = (P,<,1) be a poset with a distinguished element 1 (not necessarily an
upper-bound).
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> Q = AlgS5 may not hold.
EXAMPLE.

Let Q_, be the quasivariety in the language {—, 1} defined by
Q x—-x=r1

Q (x—oy=ml&y—szml)=x—>zx1.

QO x—oyml&y—sxxl)=x=ry.

Let P = (P,<,1) be a poset with a distinguished element 1 (not necessarily an
upper-bound). Let c € P.
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> Q = AlgS5 may not hold.
EXAMPLE.
Let Q_, be the quasivariety in the language {—, 1} defined by
Q x—-x=~1
Q@ (x—yml&y—ozrl)=x—ozx1.
QO x—oyml&y—sxxl)=x=ry.
Let P = (P,<,1) be a poset with a distinguished element 1 (not necessarily an

upper-bound). Let c € P.
Define A§ = (P, —,1) by setting
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> Q = AlgS5 may not hold.
EXAMPLE.
Let Q_, be the quasivariety in the language {—, 1} defined by
Q x—-x=~1
Q@ (x—yml&y—ozrl)=x—ozx1.
QO x—oyml&y—sxxl)=x=ry.
Let P = (P,<,1) be a poset with a distinguished element 1 (not necessarily an

upper-bound). Let c € P.
Define A§ = (P, —,1) by setting

Yy — 1 ifx<y
Y71 ¢ ifx<Ly
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> Q = AlgS5 may not hold.
EXAMPLE.

Let Q_, be the quasivariety in the language {—, 1} defined by
Q x—-x=r1

Q (x—oy=ml&y—szml)=x—>zx1.

QO x—oyml&y—sxxl)=x=ry.

Let P = (P,<,1) be a poset with a distinguished element 1 (not necessarily an
upper-bound). Let c € P.
Define A§ = (P, —,1) by setting

Yy — 1 ifx<y
Y71 ¢ ifx<Ly

Then A% € Q.
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Let L and L’ be the following posets (bounded lattices).

1 1
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Let L and L’ be the following posets (bounded lattices).

1 1

0

Consider the algebra A‘L’ and the algebra B with domain L’ and with —B the
constant map to 1.
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Then h: L — L’ defined as in the diagram
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Let L and L’ be the following posets (bounded lattices).

Consider the algebra A‘L’ and the algebra B with domain L’ and with —B the
constant map to 1.
Then h: L — L' defined as in the diagram is a homomorphism from A? onto B
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Let L and L’ be the following posets (bounded lattices).

Consider the algebra A‘L’ and the algebra B with domain L’ and with —B the
constant map to 1.
Then h: L — L' defined as in the diagram is a homomorphism from A? onto B

and B¢ Q_,
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Let L and L’ be the following posets (bounded lattices).

Consider the algebra A‘L’ and the algebra B with domain L’ and with —B the
constant map to 1.

Then h: L — L' defined as in the diagram is a homomorphism from A? onto B
andB¢Q, (1-0=0—1=1and1+#0).
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Let L and L’ be the following posets (bounded lattices).

Consider the algebra A‘L’ and the algebra B with domain L’ and with —B the
constant map to 1.

Then h: L — L' defined as in the diagram is a homomorphism from A? onto B
andB¢Q, (1—-0=0—1=1and1+#0). Thus Q is not a variety.
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Let L and L’ be the following posets (bounded lattices).

Consider the algebra Af and the algebra B with domain L’ and with —B the

constant map to 1.
Then h: L — L' defined as in the diagram is a homomorphism from A? onto B
andB¢Q, (1—-0=0—1=1and1+#0). Thus Q is not a variety.

We show that B € AIgS&H:
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constant map to 1.
Then h: L — L' defined as in the diagram is a homomorphism from A? onto B
andB¢Q, (1—-0=0—1=1and1+#0). Thus Q is not a variety.

We show that B € AIgS&H:
h=1[{1}] = {1, b} and this set is an Séﬂ—filter of Ab.
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Let L and L’ be the following posets (bounded lattices).

Consider the algebra Af and the algebra B with domain L’ and with —B the

constant map to 1.
Then h: L — L' defined as in the diagram is a homomorphism from A? onto B
andB¢Q, (1—-0=0—1=1and1+#0). Thus Q is not a variety.

We show that B € AIgS&H:
h=1[{1}] = {1, b} and this set is an Séﬂ—filter of A?. Since h is onto, {1} is an
S5 filter of B.

—
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Let L and L’ be the following posets (bounded lattices).

Consider the algebra Af and the algebra B with domain L’ and with —B the

constant map to 1.
Then h: L — L' defined as in the diagram is a homomorphism from A? onto B
andB¢Q, (1—-0=0—1=1and1+#0). Thus Q is not a variety.

We show that B € AIgS&H:

h=1[{1}] = {1, b} and this set is an Sgﬂ—filter of A?. Since h is onto, {1} is an
S5 _filter of B. This implies that A s the identity.

- Q.
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constant map to 1.
Then h: L — L' defined as in the diagram is a homomorphism from A? onto B
andB¢Q, (1—-0=0—1=1and1+#0). Thus Q is not a variety.
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On congruential deductive systems
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On congruential deductive systems

Theorem

If Q is a pu-equationally orderable quasivariety and AIgSQS = Q, then SQS is
congruential.
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On congruential deductive systems

Theorem

If Q is a pu-equationally orderable quasivariety and AIgSQS = Q, then SQS is
congruential.

Theorem

If Q is a pu-equationally orderable variety, then Q = AIgSg.
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On congruential deductive systems

Theorem

If Q is a p-equationally orderable quasivariety and AIgSS = Q, then SQS is
congruential.

Theorem

If Q is a pu-equationally orderable variety, then Q = AIgSg.

Proof.

The intrinsic variety of Sg is the variety V(Sg) axiomatized by the equations
( ~ 1 such that

o szk .
We recall: Q = p = iff gk 1.
Q

Therefore V(Sg) is the variety generated by Q. Also V(Sg) is the variety

generated by AIgSg. Since Q C AlgSg, Q and AIgSg generate the same
variety. L
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As a corollary:
Theorem

If Q is a pu-equationally orderable variety, then SQS and SQ56 are congruential.
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As a corollary:
Theorem

If Q is a p-equationally orderable variety, then Sg and SQSa are congruential.

There exists a p-equationally orderable quasivariety Q such that
@ Q is not a variety,
° QC AlgSy,

° Sg congruential.
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Let Q" be the quasivariety of algebras A = (A, — A, 1), in the language
{—=,A, 1}, such that
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Let Q" be the quasivariety of algebras A = (A, — A, 1), in the language
{—=, A, 1}, such that

Q (A—1)eQ,,
@ (A, A) is a meet-semilattice,
Q@ anb=aiffa—b=1, forall a,bc A
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Let Q" be the quasivariety of algebras A = (A, — A, 1), in the language
{—=, A, 1}, such that

Q (A —,1)eQ,,

@ (A, A) is a meet-semilattice,

Q@ anb=aiffa—b=1, forall a,bc A
Then:

> Q% is not a variety.
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Let Q" be the quasivariety of algebras A = (A, — A, 1), in the language
{—=, A, 1}, such that

Q (A —,1)eQ,,

@ (A, A) is a meet-semilattice,

Q@ aAnb=aiffa—b=1,forall a,bc A
Then:

> Q7 is not a variety.

The example discussed to show that Q_, is not a variety shows also this.
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Let Q" be the quasivariety of algebras A = (A, — A, 1), in the language
{—=, A, 1}, such that

9 (A—=1)eQ,,

@ (A, A) is a meet-semilattice,

Q@ aAnb=aiffa—b=1,forall a,bc A
Then:
> Q% is not a variety.

The example discussed to show that Q_, is not a variety shows also this.

» The deductive system S5, is congruential and AlgSs is a variety.
Y A g goq
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Let Q" be the quasivariety of algebras A = (A, — A, 1), in the language
{—=, A, 1}, such that

9 (A—=1)eQ,,

@ (A, A) is a meet-semilattice,

Q@ aAnb=aiffa—b=1,forall a,bc A
Then:
> Q% is not a variety.

The example discussed to show that Q_, is not a variety shows also this.
» The deductive system S, is congruential and Algé‘g is a variety.

It follows because SgA has the congruence property and the property of
conjunction.
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Let Q" be the quasivariety of algebras A = (A, — A, 1), in the language
{—=, A, 1}, such that

Q (A—,1)eQ.,

@ (A, A) is a meet-semilattice,

Q@ aAnb=aiffa—b=1,forall a,bc A
Then:

> Q7 is not a variety.

The example discussed to show that Q_, is not a variety shows also this.
» The deductive system S, is congruential and Algé‘g is a variety.

It follows because SgA has the congruence property and the property of
conjunction.

OPEN PROBLEM: In general, if S§ is congruential, is AIgS§ a variety?
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PART II

Discussion of some examples:
BCK algebras and Hilbert algebras, possibly with extra
lattice operations.
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BCK algebras

Definition
The quasivariety BCK of BCK-algebras is axiomatized by the following equations
and quasiequation:

Q (x—-y)=(y—2) = (x—=2)~1,

Q x— x~1,

Q x—>1~1,

Q@ ifx—y~landy — x~1, then x~ y.

» BCK is {x — y a2 1}-equationally orderable.
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BCK algebras

Definition
The quasivariety BCK of BCK-algebras is axiomatized by the following equations
and quasiequation:

Q (x—-y)=(y—2) = (x—=2)~1,

Q x— x~1,

Q x—>1~1,

Q@ ifx—y~landy — x~1, then x~ y.

» BCK is {x — y a2 1}-equationally orderable.

> SL.k is algebraizable.
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BCK algebras

Definition
The quasivariety BCK of BCK-algebras is axiomatized by the following equations
and quasiequation:

Q (x—-y)=(y—2) = (x—=2)~1,

Q x— x~1,

Q x—>1~1,

Q@ ifx—y~landy — x~1, then x~ y.

» BCK is {x — y a2 1}-equationally orderable.

> SL.k is algebraizable.

> S5cx is not protoalgebraic and has theorems.
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BCK algebras

Definition
The quasivariety BCK of BCK-algebras is axiomatized by the following equations
and quasiequation:

Q (x—-y)=(y—2) = (x—=2)~1,

Q x— x~1,

Q x—>1~1,

Q@ ifx—y~landy — x~1, then x~ y.

» BCK is {x — y a2 1}-equationally orderable.
> SL.k is algebraizable.

> S5cx is not protoalgebraic and has theorems.

a
> S5ck does not have theorems.
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BCK algebras

Definition
The quasivariety BCK of BCK-algebras is axiomatized by the following equations
and quasiequation:

Q (x—-y)=(y—2) = (x—=2)~1,

Q x— x~1,

Q x—>1~1,

Q@ ifx—y~landy — x~1, then x~ y.

» BCK is {x — y a2 1}-equationally orderable.
> SL.k is algebraizable.

> S5cx is not protoalgebraic and has theorems.
a
> S5ck does not have theorems.
. 1 < <@ .
> The three logics Sgex, Sgex: Sgex are different.
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Let us consider the BCK algebra we obtain by defining in the lattice below the

operation — by the next table

o
DR RrNWOo|l
NN O WN RO
R WN R Ew
N S
e el e
NHDQ NN RD

The principal up-sets are obviously SgCK—fiIters.
Let
F={2,1} C G ={5,3,2,1}.

It is not difficult to see that

(o, B) € Q(F), but (e, 5) & 2(G).

Thus SBSCK is not ptrotoalgebraic.
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PROBLEMS.
< <? ;
@ Are Sg-k and S« congruential 7
o Is AlgS5, = BCK?
o Is AlgS5., = BCK?
< _ <
o Is AlgS5c, = AlgSse,?
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BCK meet-semilattices
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BCK meet-semilattices

BCK meet-semilattices are in essence the BCK algebras whose order defined by
x — y =~ 1 is a meet-semilattice.
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BCK meet-semilattices

BCK meet-semilattices are in essence the BCK algebras whose order defined by
x — y =~ 1 is a meet-semilattice.
Definition

An algebra A = (A, —, A, 1) in the language {—, A, 1} is a BCK meet-semilattice
if (A, —,1) is a BCK algebra and the following equations and quasiequation are
valid on A

Q (xAy) = x~1,
Q (xANy)—y=1,
Q@ ifx—>y~1land x—z~1, thenx = (yAz)~ 1
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BCK meet-semilattices

BCK meet-semilattices are in essence the BCK algebras whose order defined by
x — y =~ 1 is a meet-semilattice.
Definition

An algebra A = (A, —, A, 1) in the language {—, A, 1} is a BCK meet-semilattice
if (A, —,1) is a BCK algebra and the following equations and quasiequation are
valid on A

Q (xAy) = x~1,
Q (xANy)—y=1,
Q@ifx—oy~landx—z~1, thenx = (yAz)~ 1

@ The class BCK" of BCK-meet-semilattices is a variety (P. ldziak).
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BCK meet-semilattices

BCK meet-semilattices are in essence the BCK algebras whose order defined by
x — y =~ 1 is a meet-semilattice.
Definition

An algebra A = (A, —, A, 1) in the language {—, A, 1} is a BCK meet-semilattice
if (A, —,1) is a BCK algebra and the following equations and quasiequation are
valid on A

Q (xAy) = x~1,
Q (xANy)—y=1,
Q@ifx—oy~landx—z~1, thenx = (yAz)~ 1

@ The class BCK" of BCK-meet-semilattices is a variety (P. ldziak).
° SéCKA is algebraizable.

R. Jansana On deductive systems associated with some equational 24 / 35



BCK meet-semilattices

BCK meet-semilattices are in essence the BCK algebras whose order defined by
x — y =~ 1 is a meet-semilattice.
Definition

An algebra A = (A, —, A, 1) in the language {—, A, 1} is a BCK meet-semilattice
if (A, —,1) is a BCK algebra and the following equations and quasiequation are
valid on A

Q (xAy)—=x=~1,
Q (xANy)—y=1,
Q@ifx—oy~landx—z~1, thenx = (yAz)~ 1

@ The class BCK" of BCK-meet-semilattices is a variety (P. ldziak).
° SéCKA is algebraizable.

° SBSCKA is not protoalgebraic and has theorems.
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BCK meet-semilattices

BCK meet-semilattices are in essence the BCK algebras whose order defined by
x — y =~ 1 is a meet-semilattice.
Definition

An algebra A = (A, —, A, 1) in the language {—, A, 1} is a BCK meet-semilattice
if (A, —,1) is a BCK algebra and the following equations and quasiequation are
valid on A

Q (xAy)—=x=~1,
Q (xANy)—y=1,
Q@ifx—oy~landx—z~1, thenx = (yAz)~ 1

@ The class BCK" of BCK-meet-semilattices is a variety (P. ldziak).
° SéCKA is algebraizable.

° SBSCKA is not protoalgebraic and has theorems.

<8
@ Sg«~ does not have theorems.
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BCK meet-semilattices

BCK meet-semilattices are in essence the BCK algebras whose order defined by
x — y =~ 1 is a meet-semilattice.
Definition

An algebra A = (A, —, A, 1) in the language {—, A, 1} is a BCK meet-semilattice
if (A, —,1) is a BCK algebra and the following equations and quasiequation are
valid on A

Q (xAy)—=x=~1,
Q (xANy)—y=1,
Q@ifx—oy~landx—z~1, thenx = (yAz)~ 1

@ The class BCK" of BCK-meet-semilattices is a variety (P. ldziak).
° SéCKA is algebraizable.

° SBSCKA is not protoalgebraic and has theorems.
Is}
° SBSCKA does not have theorems.
a
@ The three deductive systems SéCKA, <S'BSCKA and SBSCKA are different.
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° SBSCKA is congruential and AIgSBSCKA = BCK".
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° SBSCKA is congruential and AIgSBSCKA = BCK".

<? ; <? A
@ Sgckn is congruential and AlgSg - » = BCK™.
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BCK-join-semilattices
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BCK-join-semilattices
In a dual way, we have BCK-join-semilattices. They also form a variety (P. Idziak).

Thus the logic of the order is congruential as well as the logic of the dual order.

o Siciv is algebraizable.
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BCK-join-semilattices

In a dual way, we have BCK-join-semilattices. They also form a variety (P. Idziak).
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o Siciv is algebraizable.

° SBSCKV is not protoalgebraic and has theorems.
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BCK-join-semilattices

In a dual way, we have BCK-join-semilattices. They also form a variety (P. Idziak).
Thus the logic of the order is congruential as well as the logic of the dual order.

1 . .
@ Sgckv is algebraizable.

° SBSCKV is not protoalgebraic and has theorems.

<@
@ Sgv does not have theorems.
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BCK-join-semilattices

In a dual way, we have BCK-join-semilattices. They also form a variety (P. Idziak).
Thus the logic of the order is congruential as well as the logic of the dual order.

1 . .
@ Sgckv is algebraizable.

° SBSCKV is not protoalgebraic and has theorems.
a
° SBSCKv does not have theorems.

9
@ The three deductive systems Sgyv, SBSCKV and SBSCKV are different.
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BCK-join-semilattices

In a dual way, we have BCK-join-semilattices. They also form a variety (P. Idziak).
Thus the logic of the order is congruential as well as the logic of the dual order.

1 . .
@ Sgckv is algebraizable.

° SBSCKV is not protoalgebraic and has theorems.
a
° SBSCKv does not have theorems.

9
@ The three deductive systems Sgyv, SBSCKV and SBSCKV are different.

o Sgcxv is congruential and AlgS5, = BCK".
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BCK-join-semilattices

In a dual way, we have BCK-join-semilattices. They also form a variety (P. Idziak).
Thus the logic of the order is congruential as well as the logic of the dual order.

1 . .
@ Sgckv is algebraizable.

° SBSCKV is not protoalgebraic and has theorems.
a
° SBSCKv does not have theorems.
a
@ The three deductive systems Sgyv, SBSCKV and SBSCKV are different.
o Sgcxv is congruential and AlgS5, = BCK".

<2 ; < _ v
° SBCKV is congruential and AIgSBCKV = BCK".
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Hilbert algebras
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Hilbert algebras

Definition
An algebra A in the language {—, 1} is a Hilbert algebra if the following
equations and quasiequation are valid on A.

Hl. x = (y > x) = 1,

H2. x> (y—=2) = (x—=y) = (x— 2) =1,

H3. ifx > y~y — x=&1, then x = y.
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Hilbert algebras

Definition
An algebra A in the language {—, 1} is a Hilbert algebra if the following
equations and quasiequation are valid on A.

Hl. x = (y > x) = 1,

H2. x> (y—=2) = (x—=y) = (x— 2) =1,

H3. if x > y~y > x=~1, then x~ y.

» The class H of Hilbert algebras is a variety of BCK-algebras.
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Hilbert algebras

Definition
An algebra A in the language {—, 1} is a Hilbert algebra if the following
equations and quasiequation are valid on A.

Hl. x = (y > x) = 1,

H2. x> (y—=2) = (x—=y) = (x— 2) =1,

H3. if x > y~y > x=~1, then x~ y.

» The class H of Hilbert algebras is a variety of BCK-algebras.
» The l-assertional logic S of H is the (—, 1)-fragment of intuitionistic logic.
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Hilbert algebras

Definition
An algebra A in the language {—, 1} is a Hilbert algebra if the following
equations and quasiequation are valid on A.

Hl. x = (y > x) = 1,

H2. x> (y—=2) = (x—=y) = (x— 2) =1,

H3. if x > y~y > x=~1, then x~ y.

» The class H of Hilbert algebras is a variety of BCK-algebras.
» The l-assertional logic S of H is the (—, 1)-fragment of intuitionistic logic.

@ has the congruence property,
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Hilbert algebras

Definition
An algebra A in the language {—, 1} is a Hilbert algebra if the following
equations and quasiequation are valid on A.

Hl. x = (y > x) = 1,

H2. x> (y—=2) = (x—=y) = (x— 2) =1,

H3. if x > y~y > x=~1, then x~ y.

» The class H of Hilbert algebras is a variety of BCK-algebras.
» The l-assertional logic S of H is the (—, 1)-fragment of intuitionistic logic.
@ has the congruence property,

@ has the —-deduction-detachment property: for all sets of formulas I' and all
formulas ¢, ¥

FU{@}Fshw iff Thsio—19.
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Hilbert algebras

Definition
An algebra A in the language {—, 1} is a Hilbert algebra if the following
equations and quasiequation are valid on A.

Hl. x = (y > x) = 1,

H2. x> (y—=2) = (x—=y) = (x— 2) =1,

H3. if x > y~y > x=~1, then x~ y.

» The class H of Hilbert algebras is a variety of BCK-algebras.
» The l-assertional logic S of H is the (—, 1)-fragment of intuitionistic logic.

@ has the congruence property,

@ has the —-deduction-detachment property: for all sets of formulas I' and all
formulas ¢, ¥

FU{@}Fshw iff Thsio—19.

These facts imply:
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Hilbert algebras

Definition
An algebra A in the language {—, 1} is a Hilbert algebra if the following
equations and quasiequation are valid on A.

Hl. x = (y > x) = 1,

H2. x> (y—=2) = (x—=y) = (x— 2) =1,

H3. if x > y~y > x=~1, then x~ y.

» The class H of Hilbert algebras is a variety of BCK-algebras.
» The l-assertional logic S of H is the (—, 1)-fragment of intuitionistic logic.

@ has the congruence property,

@ has the —-deduction-detachment property: for all sets of formulas I' and all
formulas ¢, ¥

Fruf{etrsr v iff Tha o=,
These facts imply:
e S} is congruential.
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o S}, = the deductive system S associated with H by the following definition
Mbso @ iff (VA € K)(Vv € Hom(Fm,A)) v(p) = 1% or
(30, .-, 00 € T)(VA € K)(Vv € Hom(Fm, A))
v(po = (oo (0 — ) ...)) = 17,
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» The variety H is {x — y ~ 1}-equationally orderable.
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» The variety H is {x — y ~ 1}-equationally orderable.

a
» The deductive systems S,_S, and SHS are congruential.
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» The variety H is {x — y ~ 1}-equationally orderable.
a
» The deductive systems S,_S, and SHS are congruential.

a
> SE does not have theorems.
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» The variety H is {x — y ~ 1}-equationally orderable.

a
» The deductive systems S,_S, and SHS are congruential.

a
> SE does not have theorems.

Proposition

The deductive system SE enjoys Modus Ponens for —.
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> The variety H is {x — y = 1}-equationally orderable.
a
» The deductive systems SE and SE are congruential.

a
> SE does not have theorems.

Proposition

The deductive system SE enjoys Modus Ponens for —.

Proof.
Let A be any Hilbert algebra. We show that for every a, b,c € A

a<b&a<b—sc=—a<ec.

This implies that SE enjoys Modus Ponens for —.

Suppose that a< banda<b—c. Thena—b=1anda— (b—c)=1.
Therefore, (a — b) — (a — ¢) = 1; hence, 1 — (a — ¢) = 1. This implies that
a—c=1andsoa<ec. O

y
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Proposition

The deductive system S,_S, is equal to S};.

Proof.

S}, is an extension of SE with the same theorems, because 1 is a maximum
element in every Hilbert algebra. Now note that all axioms of the axiomatization
of S}, are theorems of S;5. Since Modus Ponens is valid in S, S is an extension

of S. Thus S5 = S} O
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Proposition

The deductive system S,_S, is equal to S};.

Proof.

S}, is an extension of SE with the same theorems, because 1 is a maximum
element in every Hilbert algebra. Now note that all axioms of the axiomatization
of S}, are theorems of S;5. Since Modus Ponens is valid in S, S is an extension

of S. Thus S5 = S} O
Therefore,

Proposition

The deductive system S}, is congruential. J
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Hilbert algebras with supremum

Definition

A Hilbert algebra with supremum is an algebra A = (A, —,V, 1) in the language
{—, A, 1} which is a BCK-join-semilattice such that (A, —, 1) is a Hilbert algebra.
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Hilbert algebras with supremum

Definition
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Definition

A Hilbert algebra with supremum is an algebra A = (A, —,V, 1) in the language
{—, A, 1} which is a BCK-join-semilattice such that (A, —, 1) is a Hilbert algebra.

» The class of Hilbert algebras with supremum HY is a variety.

» We have four deductive systems.
@ The l-assertional logic S}
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@ The 1-assertional logic S} (has axiomatization with Modus Ponens as the
only rule).
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A Hilbert algebra with supremum is an algebra A = (A, —,V, 1) in the language
{—=, A, 1} which is a BCK-join-semilattice such that (A, —, 1) is a Hilbert algebra.

» The class of Hilbert algebras with supremum HY is a variety.

» We have four deductive systems.

@ The 1-assertional logic S} (has axiomatization with Modus Ponens as the
only rule).

@ The logic SHSv of the {x — y ~ 1}-order of H".
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Hilbert algebras with supremum

Definition
A Hilbert algebra with supremum is an algebra A = (A, —,V, 1) in the language
{—=, A, 1} which is a BCK-join-semilattice such that (A, —, 1) is a Hilbert algebra.

» The class of Hilbert algebras with supremum HY is a variety.

» We have four deductive systems.

@ The 1-assertional logic S} (has axiomatization with Modus Ponens as the
only rule).

@ The logic SHSv of the {x — y ~ 1}-order of H".
@ The logic SHSVG of the dual {x — y ~ 1}-order of H".
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Hilbert algebras with supremum

Definition
A Hilbert algebra with supremum is an algebra A = (A, —,V, 1) in the language
{—=, A, 1} which is a BCK-join-semilattice such that (A, —, 1) is a Hilbert algebra.

> The class of Hilbert algebras with supremum HY is a variety.

» We have four deductive systems.

@ The 1-assertional logic S} (has axiomatization with Modus Ponens as the
only rule).

@ The logic SHSv of the {x — y ~ 1}-order of H".

@ The logic SHSV8 of the dual {x — y ~ 1}-order of H".
@ The logic S3% defined by

Mkso @ iff (VA € HY)(Yv € Hom(Fm, A)) v(p) = 1% or
(30, .-, 0n € MN)(VA € K)(Vv € Hom(Fm, A))
V(oo = (. (pn — @)...)) =17

R. Jansana On deductive systems associated with some equational 31/ 35



Hilbert algebras with supremum

Definition
A Hilbert algebra with supremum is an algebra A = (A, —,V, 1) in the language
{—=, A, 1} which is a BCK-join-semilattice such that (A, —, 1) is a Hilbert algebra.

> The class of Hilbert algebras with supremum HY is a variety.

» We have four deductive systems.

@ The 1-assertional logic S} (has axiomatization with Modus Ponens as the
only rule).

@ The logic SHSv of the {x — y ~ 1}-order of H".

@ The logic SHSV8 of the dual {x — y ~ 1}-order of H".
@ The logic S3% defined by

Mkso @ iff (VA € HY)(Yv € Hom(Fm, A)) v(p) = 1% or
(30, .-, 0n € MN)(VA € K)(Vv € Hom(Fm, A))
V(oo = (. (pn — @)...)) =17

» As with Hilbert algebras, SEV, S}v and St are equal and congruential.
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Hilbert algebras with infimum

Definition
A Hilbert algebra with infimum is an algebra A = (A, —, A, 1) in the language

{—=, A, 1} which is a BCK-meet-semilattice such that (A, —,1) is a Hilbert
algebra.
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{—=, A, 1} which is a BCK-meet-semilattice such that (A, —,1) is a Hilbert
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o The l-assertional logic S}..

R. Jansana On deductive systems associated with some equational 32 /35
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Definition
A Hilbert algebra with infimum is an algebra A = (A, —, A, 1) in the language

{—=, A, 1} which is a BCK-meet-semilattice such that (A, —,1) is a Hilbert
algebra.

> The class of Hilbert algebras with infimum H” is a variety.

» We have four deductive systems.
@ The 1-assertional logic S}a.
o The logic S5, of the {x — y ~ 1}-order of H".
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Definition
A Hilbert algebra with infimum is an algebra A = (A, —, A, 1) in the language

{—=, A, 1} which is a BCK-meet-semilattice such that (A, —,1) is a Hilbert
algebra.

> The class of Hilbert algebras with infimum H” is a variety.

» We have four deductive systems.
@ The 1-assertional logic S}a.
o The logic S5, of the {x — y ~ 1}-order of H".
@ The logic Sﬁf of the dual {x — y & 1}-order of H”.
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Hilbert algebras with infimum

Definition
A Hilbert algebra with infimum is an algebra A = (A, —, A, 1) in the language

{—=, A, 1} which is a BCK-meet-semilattice such that (A, —,1) is a Hilbert
algebra.

> The class of Hilbert algebras with infimum H” is a variety.
» We have four deductive systems.
@ The 1-assertional logic S}a.
o The logic S5, of the {x — y ~ 1}-order of H".
@ The logic Sﬁf of the dual {x — y ~ 1}-order of H".
@ The logic S3i defined by
Mkso @ iff (VA € HY)(Yv € Hom(Fm, A)) v(p) = 1% or
(3o, .-, 00 € T)(VA € K)(Vv € Hom(Fm, A))
V(@o%(..-(@n—)@)...)): 1A,
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< <® .
> Si~. Sga and S are congruential.
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As we will see the four deductive systems are different.

R. Jansana On deductive systems associated with some equational



a
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As we will see the four deductive systems are different.

The 1-assertional logic S{i» of H”" can be axiomatized (Figallo Jr. A., Ramén, G.
and Saad, S.) by the axioms
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a
> SEA, SEA and S are congruential.
As we will see the four deductive systems are different.

The 1-assertional logic S{i» of H”" can be axiomatized (Figallo Jr. A., Ramén, G.
and Saad, S.) by the axioms

Q1

Qv =)

Q (b= ®—=9)=(p—=v)=(p—9)

Q (P AY) =9,

Q (pA(p—=¥)) =9,

QO (pAY) = (L Ay)

0 ((pAD)A) = ((pAO) AY),
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a
> SEA, SEA and S are congruential.
As we will see the four deductive systems are different.

The 1-assertional logic S{i» of H”" can be axiomatized (Figallo Jr. A., Ramén, G.
and Saad, S.) by the axioms

Q1
Qp—=W—vy)
Q (¢ = (¥—0)) = ((p—=1) = (p—0)),

Q (pNY) =,

Q (PN (p—=1)) =1,

Q (pAY) = (Y Ay),

@ ((pAP)ASG) = ((pAS)AY),
and the rules

—sz/)_) Y (mpy _e2Y 4B,
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Proposition J

2]
The four deductive systems Sk., Sph, SEA and SEA are different.

<
e Sh., Sph and S5 have the same theorems.

° SEAS does not have theorems.
° S,ﬂA does not have the deduction theorem for —. If it would have it, since
p,qtsi, pAg, it would follow that g1 p — (g = (pAq)). But this is not

a theorem of S,{'A. In the Hilbert algebra with infimum given by the lattice
o]
7N\
oC
.

ae
o
and — defined by setting

Ly = 1, ifx<y
XY= y, otherwise.

we have b =2 (c —=A (bAR ¢)) =0.
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@ Si has the deduction-detachment theorem for —. All logics defined from a
quasivariety of algebras with a Hilbert algebra reduct using the schema of
definition we used to define S have it.

° SEA does not have the deduction-detachment therorem for —. If it had it,
then every A € H" would be an implicative semilattice.

@ The rule (AB) does not hold for SEA. In the algebra @ holds:

c—b=b,
c—=(cAb)=c—0=0, but
b 0.

CONJECTURE: S,i is not protoalgebraic.
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