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An even more general approach

Why should we stop at SL`?

fuzzy logics = logics of chains ⇒ general theory of semilinear logics

Necessary ingredients:

An order relation on all algebras (so, in particular, we have chains)
An implication→ s.t. for every a, b ∈ A, a ≤ b iif a→b is true in A
The implication gives a congruence w.r.t. all connectives (so, we
can do the Lindenbaum–Tarski construction)

Using Abstract Algebraic Logic we can develop a theory of weakly
implicative semilinear logics.
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Calculus for FLew: structural rules

A sequent is a pair Γ⇒ ∆ where Γ is a multiset of formulas and
∆ is a formula or the empty set.

The calculus has the following axiom and the structural rules:

(ID) ϕ⇒ ϕ
Γ⇒ ϕ ϕ,∆⇒ χ

(Cut)
Γ,∆⇒ χ

Γ⇒ χ
(W-L)

ϕ,Γ⇒ χ
Γ⇒(W-R)
Γ⇒ ϕ
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Calculus for FLew: operational rules

ϕ,Γ⇒ χ
(∧-L)

ϕ ∧ ψ,Γ⇒ χ
, ditto ψ Γ⇒ ϕ Γ⇒ ψ

(∧-R)
Γ⇒ ϕ ∧ ψ

ϕ,ψ,Γ⇒ χ
(&-L)

ϕ& ψ,Γ⇒ χ

Γ⇒ ϕ ∆⇒ ψ
(&-R)

Γ,∆⇒ ϕ& ψ

ϕ,Γ⇒ χ ψ,Γ⇒ χ
(∨-L)

ϕ ∨ ψ,Γ⇒ χ

Γ⇒ ϕ
(∨-R)

Γ⇒ ϕ ∨ ψ
, ditto ψ

Γ⇒ ϕ ψ,∆⇒ χ
(→-L)

ϕ→ ψ,Γ,∆⇒ χ

ϕ,Γ⇒ ψ
(→-R)

Γ⇒ ϕ→ ψ

Γ⇒ ϕ
(¬-L) ¬ϕ,Γ⇒

ϕ,Γ⇒
(¬-R)

Γ⇒ ¬ϕ
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From sequents to hypersequents

A hypersequent is a multiset of sequents. We add hypersequent
context G to all rules:

(ID)
G | ϕ⇒ ϕ

G | Γ⇒ ϕ
(∨-R)

G | Γ⇒ ϕ ∨ ψ
, ditto ψ

What we need is Avron’s communication rule

G | Γ1,Π1 ⇒ χ1 G | Γ2,Π2 ⇒ χ2(COM)
G | Γ1,Γ2 ⇒ χ1 | Π1,Π2 ⇒ χ2
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Characterizations of completeness properties

Let L be core semilinear logic and K a class of L-chains.

Theorem 7.1 (Characterization of strong K-completeness)
1 For each T ∪ {ϕ} holds: T `L ϕ iff T |=K ϕ.
2 L = ISPσ-f (K).
3 Each countable L-chain is embeddable into some member of K.

Theorem 7.2 (Characterization of finite strong K-completeness)
1 For each finite T ∪ {ϕ} holds: T `L ϕ iff T |=K ϕ

2 L = Q(K), i.e., K generates L as a quasivariety.
3 Each countable L-chain is embeddable into some ultrapower of K.
4 Each finite subset of an L-chain is partially embeddable into an

element of K.
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Completeness properties

Let L be a core semilinear logic and K a class of L-chains.

Definition 7.3
L has the SKC if:

for every Γ ∪ {ϕ} ⊆ FmL, Γ `L ϕ iff Γ |=K ϕ

L has the FSKC if:

for every finite Γ ∪ {ϕ} ⊆ FmL, Γ `L ϕ iff Γ |=K ϕ
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Distinguished semantics

Typical instances: K ∈ {R,Q,F} (real, rational, finite-chain
semantics).

Theorem 7.4 (Strong finite-chain completeness)
1 L enjoys the SFC,
2 all L-chains are finite,
3 there exists n ∈ N such each L-chain has at most n elements,
4 there exists n ∈ N such that `L

∨
i<n(xi → xi+1).

Theorem 7.5 (Relation of Rational and Real completeness)
1 L has the FSQC iff it has the SQC.
2 If L has the RC, then it has the QC.
3 If L has the FSRC, then it has the SQC.
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Known results and open problems

Logic SRC FSRC SQC FSQC FSFC
FL` No No No No No
FL`c No No No No ?
FL`e = UL Yes Yes Yes Yes No
FL`w = psMTLr Yes Yes Yes Yes Yes
FL`ew = MTL Yes Yes Yes Yes Yes
FL`ec ? ? ? ? ?
FL`wc = G Yes Yes Yes Yes Yes

Problem 7.6
Solve the missing cases.
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Known results and open problems

Logic SRC FSRC SQC FSQC FSFC
InFL` No No No No No
InFL`c No No No No ?
InFL`e = IUL ? ? ? ? No
InFL`w Yes Yes Yes Yes ?
InFL`ew = IMTL Yes Yes Yes Yes Yes
InFL`ec ? ? ? ? ?
InFL`wc = CL No No No No Yes

Problem 7.7
Solve the missing cases.
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Known results in non-associative logics

Logic SRC FSRC SQC FSQC FSFC
SL` Yes Yes Yes Yes Yes
SL`c Yes Yes Yes Yes Yes
SL`e Yes Yes Yes Yes Yes
SL`w Yes Yes Yes Yes Yes
SL`ew Yes Yes Yes Yes Yes
SL`ec Yes Yes Yes Yes Yes
SL`wc = G Yes Yes Yes Yes Yes
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More interesting questions (no one addressed yet)

Logic SRC FSRC SQC FSQC FSFC
InSL` ? ? ? ? ?
InSL`c ? ? ? ? ?
InSL`e ? ? ? ? ?
InSL`w ? ? ? ? ?
InSL`ew ? ? ? ? ?
InSL`ec ? ? ? ? ?
InSL`wc = CL No No No No Yes
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An extensive research field . . .

based on the structural description of HL-chains
classification and axiomatization of subvarieties
amalgamation, interpolation, and Beth properties
completions theory
etc.
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We have heard a lot about it already . . .

If you want to know more, read:

D. Mundici. Advanced Łukasiewicz calculus and MV-algebras.
Trends in Logic, Vol. 35 Springer, New York, 2011.
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We have heard a lot about it already . . .

If you want to know more, read:

anything from Vienna school: M. Baaz, N. Preining, C. Fermüller,
R. Zach, etc.
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A plethora of results not only about . . .
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Basic notions

We fix a logic L which is standard complete w.r.t. [0, 1]L.

Definition 7.8
Function f : [0, 1]n → [0, 1] is represented by formula ϕ of logic L if
e(ϕ) = f (e(v1), e(v2), . . . , e(vm)) for each [0, 1]L-evaluation e.

Definition 7.9
Functional representation of logic L is a class of functions from any
power of [0, 1] into [0, 1] s.t. each C ∈ C is represented by some formula
ϕ and vice-versa (i.e., for each ϕ there is C ∈ C represented by ϕ).
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An overview

Łukasiewicz logic:
Operations: truncated sum min{1, x + y} and involutive negation 1− x
Functions: continuous piece-wise linear functions with integer coeff.

f (x1, . . . , xn) = a1x1 + . . .+ anxn + a0 , ai ∈ Z

Ext. Added operations Functions
P multiplication polynomial

RP rational constants rational shift (a0 ∈ Q)

4
4(x) = 1 if x = 1

4(x) = 0 if x < 1
non-continuity

δ dividing by integers rational coefficients (ai ∈ Q)

ŁΠ fractions fractions of functions
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Some known results

Definition 7.10
A subset S of [0, 1]n is Q-semialgebraic if it is a Boolean combination of
sets of the form

{〈x1, . . . , xn〉 ∈ [0, 1]n | P(〈x1, . . . , xn〉) > 0}

for polynomials P with integer coefficients. If all of the polynomials are
linear, then S is linear Q-semialgebraic.

Logic Contin. Domains Pieces
Ł yes linear linear functions with integer coefficients
Ł4 no linear linear functions with integer coefficients
RPL yes linear linear integer coefficients and a rational shift
δŁ yes linear linear rational coefficients
PŁ′ yes ? ??? Pierce-Birkhoff conjecture ???
PŁ′

4 no all polynomials with integer coefficients
ŁΠ no all fractions of polynomials with integer coeff.
Ł˝ 1

2 no all as above plus f [{0, 1}n] ⊆ {0, 1}
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Known results (see Handbook ch. X)

Logic L THM(L) CONS(L) expansion by rational constants
HL coNP-c. coNP-c. –

Ł coNP-c. coNP-c. coNP-c.
L ⊃Ł coNP-c. coNP-c. –

G coNP-c. coNP-c. coNP-c.
Π coNP-c. coNP-c. ∈ PSPACE

L(∗) ⊃ HL coNP-c. coNP-c. –
Ł˝ 1

2 ∈ PSPACE ∈ PSPACE –
MTL decidable decidable –

IMTL decidable decidable –
ΠMTL decidable decidable –

NM coNP-c. coNP-c. coNP-c.
WNM coNP-c. coNP-c. –

Problem 7.11
Determine the precise complexity in all cases.
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Known results (see Handbook ch. XI)

Logic stTAUT1 stSAT1 stTAUTpos stSATpos

(I)MTL∀ Σ1-complete Π1-complete Σ1-complete Π1-complete
WCMTL∀ Σ1-hard Π1-hard Σ1-hard Π1-hard
ΠMTL∀ Σ1-hard Π1-hard Σ1-hard Π1-hard
(S)HL∀ Non-arithm. Non-arithm. Non-arithm. Non-arithm.

Ł∀ Π2-complete Π1-complete Σ1-complete Σ2-complete
Π∀ Non-arithm. Non-arithm. Non-arithm. Non-arithm.
G∀ Σ1-complete Π1-complete Σ1-complete Π1-complete

CnMTL∀ Σ1-complete Π1-complete Σ1-complete Π1-complete
CnIMTL∀ Σ1-complete Π1-complete Σ1-complete Π1-complete
WNM∀ Σ1-complete Π1-complete Σ1-complete Π1-complete
NM∀ Σ1-complete Π1-complete Σ1-complete Π1-complete

Problem 7.12
Determine the precise complexity in all cases.
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Volume III of the Handbook

XII Algebraic Semantics: Structure of Chains (Vetterlein)
XIII Semantic Games for Fuzzy Logics (Fermüller)
XIV Ulam–Rényi Games Based Semantics for Fuzzy Logics (Cicalese,

Montagna)
XV Fuzzy Logics with Evaluated Syntax (Novák)
XVI Fuzzy Description Logics (Bobillo, Cerami, Esteva,

García-Cerdaña, Peñaloza, Straccia)
XVII States of MV-algebras (Flaminio, Kroupa)

XVIII Fuzzy Logics in Theories of Vagueness (Smith)

(edited by Cintula, Fermüller, and Noguera)
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Those would deserve a Handbook chapter in some of
the future volumes, but are not ready yet . . .

Model Theory of Fuzzy Logics
Model Theory in Fuzzy Logics
Fuzzy Modal Logics
Duality Theory
Fragments of Fuzzy Logics
Higher-Order Fuzzy logics
Fuzzy Set Theories
Fuzzy Arithmetics
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Conclusions

MFL is a well-developed field, with a genuine agenda of
Mathematical logic: axiomatization, completeness, proof theory,
computational complexity, model theory, etc.
All these areas are active, mathematically deep and pose
challenging open problems.
The objects studied by MFL are semilinear logics, i.e. logics of
chains.
Graduality in the semantics (linearly ordered truth-values) is a
flexible tool amenable for many interesting applications.
MFL, its extensions and applications has still a long way to go, the
best is yet to come, and so there are plenty of topics for potential
Ph.D. theses.

Petr Cintula (CAS) Fuzzy Logic www.cs.cas.cz/cintula/mfl-tuw 39 / 43



Bibliography
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